The Bas-Relief Ambiguity
Peter N. Belhumeur 

David J. Kriegman y

Center for Computational Vision and Control
Yale University
New Haven, CT 06520-8267

Abstract

Since antiquity, artisans have created attened forms,
often called \bas-reliefs," which give an exaggerated
perception of depth when viewed from a particular vantage point. This paper presents an explanation of
this phenomena, showing that the ambiguity in determining the relief of an object is not con ned to
bas-relief sculpture but is implicit in the determination of the structure of any object. Formally, if the
object's true surface is denoted by z
= f (x; y),
then we de ne the \generalized bas-relief transformation" as z = f (x; y) + x + y; with a corresponding
transformation of the albedo. For each image of a
Lambertian surface f (x; y) produced by a point light
source at in nity, there exists an identical image of a
bas-relief produced by a transformed light source. This
equality holds for both shaded and shadowed regions.
Thus, the set of possible images (illumination cone) is
invariant over generalized bas-relief transformations.
When  =  = 0 (e.g. a classical bas-relief sculpture),
we show that the set of possible motion elds are also
identical. Thus, neither small unknown motions nor
changes of illumination can resolve the bas-relief ambiguity. Implications of this ambiguity on structure
recovery and shape representation are discussed.
true

1 Introduction

Throughout the millennia, artisans have created attened forms, i.e. so-called \bas-reliefs," which when
viewed from a particular vantage point are dicult, if
not impossible, to distinguish from a full relief sculpture. As the sun moves through the sky, the shading
and shadows change, yet the degree of attening cannot be discerned on a well sculpted bas-relief. Even
if an observer's head moves by a small amount, this
ambiguity cannot be resolved. This paper not only
presents an explanation of this phenomena, but also
demonstrates that the ambiguity in determining the
relief of an object is implicit in the determination of
the structure of any object.
In particular, we show that the set of images produced by arbitrary illumination of an object (i.e. the
object's illumination cone [1]) is the same as the set
of images produced by what we call a \generalized
bas-relief transformation" of the object. A generalized
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bas-relief transformation is a transformation of both
the surface shape and the surface albedo for an arbitrary Lambertian surface. In particular, if an object's
true surface is denoted by f (x; y) where the (x; y)
plane is perpendicular to the line of sight, a generalized bas-relief transformation of the surface shape
is given by f = f (x; y) + x + y, and the corresponding generalized bas-relief transformation of the
surface albedo is given by Eq. 3. Classical bas-relief
sculptures use a subset of the transformation on shape,
with 0 <  < 1,  = 0, and  = 0, and, to the best of
our knowledge, ignore the corresponding transformation on albedo.
The fact that a surface and a generalized bas-relief
transformation of the surface produce the same set
of images arises from an implicit duality. For each
image of a Lambertian surface f (x; y) produced by a
point light source at in nity s, there exists an identical image of the generalized bas-relief transformation
f (x; y) + x + y produced by a transformed light
source s. This equality holds not only for the illuminated regions of the surfaces, but for the shadowed
regions as well. Furthermore, due to superposition,
the equality holds not only for a single light source,
but for an arbitrary { possibly in nite { number of
light sources.
Thus, from a single viewpoint, there is an ambiguity in the recovery of the surface: we can { at best {
determine the relief of the surface up to a three parameter family of linear transformations. No information
in either the shadowing or shading can resolve this.
Yet, if the viewer moves relative to the surface, or the
surface moves relative to the viewer, does this ambiguity vanish?
For in nitesimal motion under perspective projection, the structure estimates are sensitive to noise, producing an implicit error in the estimate of the relief 
of the surface [15, 21]. For in nitesimal motion under
orthographic projection, there is a genuine bas-relief
ambiguity: we can only recover the shape of the surface up to a scale factor in the direction of the camera's
optical axis, i.e. a bas-relief transformation for which
 is unknown [9].
A summary of these and other results follow:
 For any light source direction, there exists another light source direction such that cast and
attached shadows produced by a surface and a
transformed surface are identical, irrespective of
the material type.

Figure 1: The gure shows two frontal views and a side view of a pair of bas-relief sculptures. Notice how the frontal
views appear to have full 3-D depth, while the side view reveals the extent of the attening.

 If the material can modeled as having Lambertian

re ectance, then the set of possible images under any lighting condition (illumination cone [1])
including shadowing for a surface and its transformed surface are identical; therefore, these objects cannot be distinguished by any recognition
algorithm.
 The generalized bas-relief transformation is the
only transformation which has these rst two
properties.
 Under orthographic projection, the set of motion elds produced by a surface and its classical bas-relief are identical. Therefore, an object
and its relief cannot be distinguished from small
unknown camera motion.
 For photometric stereo where the light source directions are unknown, the structure can only be
determined up to a generalized bas-relief transformation and shadows do not provide further information. Using prior information about the albedo
and light source strength, the structure can be determined up to a re ection in depth. Cast shadows can be used to distinguish these two cases.

Thus, if an object is viewed orthographically, then
neither illumination nor small motions of the viewer
(or object) will resolve the object's depth relief. Figure 1 shows images of two bas-relief sculptures. Notice
how the frontal views appear to have full depth, but
the oblique views reveal the extent of the attening.

2 Bas-Relief Ambiguity: Illumination

Consider a surface observed under orthographic projection and de ne a coordinate system attached to the
image plane such that the x and y axes span the image
plane. In this coordinate system, the depth of every
visible point in the scene can be expressed as

z = f (x; y)
where f is a piecewise di erentiable function. The
graph of f (x; y), i.e. (x; y; f (x; y)), de nes a surface
which will also be denoted byf .

The direction of the inward pointing surface normal

n(x; y) can be expressed as

"f #
n(x; y) = f
x

(1)

y

1

where f and f denote the partial derivatives of f
with respect to x and y respectively.
Consider transforming the surface f to a new surface f in the following manner. We rst atten (or
scale) it along the z axis and then add a plane, i.e.
f(x; y) = f (x; y) + x + y
x

y

where  6= 0 [2]. We call this transformation the \generalized bas-relief transformation." See Figures 2 and
3. As will be seen in Section 4, this is the only linear transformation of the surface's normal eld which
preserves integrability. When  = 0 and  = 0, we
call this transformation the classical \bas-relief transformation," since for  < 1 the surface is attened like
classical bas-relief sculptures.
Note that for image point (x; y), the relation between the direction of the surface normal of f and f
is given by n = Gn where
" 0 #
G= 0   :
(2)
0 0 1
Under the matrix product operation, the set GBR =
fGg forms a subgroup of GL(3) with

"1 0 #
1
G = 0 1  :
0 0 
1

Also, note that if p = (x; y; f (x; y)) and p =
(x; y; f(x; y)), then p = G p where G

(G ) 1 = (G 1 ) .
Let the vector s denote a point light source at innity, with the magnitude of s proportional to the intensity of the light source. (For a more general model
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Proof. The condition for a point p1 to be on a shadow
boundary cast by p2 is that

p

2
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A necessary condition for a point p1 =
(x1 ; y1; f (x1 ; y1 )) on the surface to fall on the cast
shadow boundary for light source direction s is that
there exists another point p2 = (x2 ; y2 ; f (x2 ; y2 )) on
the surface such that the light ray in the direction
s passing through p2 grazes the surface at p2 and
intersects the surface at p1 . The point p2 is the
boundary of an attached shadow. For smooth surfaces, attached shadow and cast shadow boundaries
can be distinguished in intensity images; along any image curve (x(t); y(t)) intersecting the shadow boundary transversally, the intensity I (x(t); y(t)) is continuous at an attached shadow boundary, whereas it is
discontinuous at a cast shadow.
Lemma 2.2 A point p = (x; y; f (x; y)) satis es the
necessary condition for lying on a cast shadow boundary for light source direction s i p = (x; y; f(x; y))
satis es the condition for light source direction s =
G s.



p

1

n2 s = 0
p2 p1 = s
T

Figure 2: The image points that lie in a cast or attached
shadow for a surface f under light source s are identical to
those in shadow for transformed the surface f under light
source s = G T s. The middle gure shows a classical basrelief transformation of the upper gure while the bottom
gure is a generalized bas-relief. For diagrammatic clarity,
the surface normals are drawn outward.

for some < 0. For the transformed surface, the rst
condition for a point to be on the shadow boundary is

of illumination, e.g. one that does not restrict light
sources to be at in nity, see [12].) We rst show that
shadowing on a surface f for some light source s is
identical to that on a bas-relief transformed surface f
with an appropriate light source s; we then show that
if the surfaces are Lambertian, the set of all possible
images of both surfaces are identical.
We can identify two types of shadows: attached
shadows and cast shadows [19]. See Figure 2. A surface point p = (x; y; f (x; y)) lies in an attached shadow
for light source direction s i n(x; y) s < 0. This definition leads to the following lemma.

for the relief surface as
p 2 p 1 s = G (p2 p1) G s
= (p2 p1 ) s = 0:
This condition clearly holds when  =  . The converse of this lemma can be similarly proven.
This lemma becomes both necessary and sucient
for a point to lie on a shadow boundary when the ray
from p1 passing through p2 does not intersect any
other portion of the surface for both f and f. In
general, this is true when  > 0.
Taking these two lemmas together, it follows that if
some portion of the surface f is in a cast or attached
shadow for a light source direction s, then if the surface
is subject to a generalized bas-relief transformation G,
there exists a lighting direction s = G s such that
the same portion of the transformed surface is also
shadowed. Let us specify these shadowed regions {
both attached and cast { through a binary function
s (x; y ) such that

T

Lemma 2.1 A point p = (x; y; f (x; y)) lies in an
attached shadow for light source direction s i p =
(x; y; f(x; y)) lies in an attached shadow for light
source direction s = G s.
T

Proof. If a point p on f lies in an attached shadow,
then n s < 0. On the transformed surface, the point
p = (x; y; f(x; y)) also projects to (x; y) and for this
point n s = n G G s = n s. Therefore, p is also
T
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in an attached shadow. The converse clearly holds as
well.

n 2 s = n2 G G s = n2 s = 0:
T
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Under the generalized bas-relief transformation p =

G p, and the second condition can be expressed
T

T

T

T

f;

s (x; y ) =

f;
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if (x; y) is shadowed
otherwise.

Using this notation and the above two lemmas, we can
then write s(x; y) =  s(x; y).
We should stress that shadowing s (x; y) is a
function of the object's geometry and light source direction { it is una ected by the re ectance properties
of the surface. For any surface, any light source direction, and any generalized bas-relief transformation
of that surface, there exists a light source direction
such that the shadowing will be identical irrespective
of the surface properties. Furthermore, the generalized bas-relief transformation is the only transformation for which this is true for any surface. (Space
limitations preclude including a proof.)
We now show that if the surface re ectance is Lambertian [6, 11], then the sets of images produced by a
surface (i.e. the surface's illumination cone [1]) and a
transformed surface under all possible lighting conditions are identical. Letting the albedo of a Lambertian
surface f be denoted by a(x; y), the intensity image
produced by a light source s can be expressed as
I s(x; y) = s(x; y)b(x; y) s
where b(x; y) is the product of the albedo a(x; y) of the
surface and the inward pointing unit surface normal
n^ (x; y).
We now show that the set of images produced by f
and f are identical when the albedo a(x; y) of f is
f;

f;

f;

f;a;

T

f;

q
a = a (n1 n3 )2 + (n2 n3 )2 + n23 (3)
where n^ = (n1 ; n2 ; n3 ) . The e ect of applying Eq. 3
to a classical bas-relief transformation 0 <  < 1 is
T

to darken points on the surface where n points away
from the optical axis.
Lemma 2.3 For each light source s illuminating a
Lambertian surface f (x; y) with albedo a(x; y), there
exists a light source s illuminating a surface f(x; y) (a
generalized bas-relief transformation of f ) with albedo
a(x; y) (as given in Eq. 3), such that I (x; y) =
I   s (x; y).
Proof. The image of f is given by
I s (x; y) = s(x; y)b (x; y)s
For any 3  3 invertible matrix A, we have that
I s (x; y) = s (x; y)b (x; y)AA 1 s:
Since GBR is a subgroup of GL(3) and s (x; y) =
 s (x; y ),
I s (x; y) =
s
s (x; y )b (x; y )G G

=
s
s (x; y )b (x; y )
= I   s (x; y)
where b (x; y) = Gb(x; y) and s = G s.
With the above three lemmas in hand, we can now
state and prove the central proposition of this section:
f;a;s
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Proposition 2.1 The set of images under all possible

lighting conditions produced by a Lambertian surface

f with albedo a(x; y) and those surfaces f di ering by
any generalized bas-relief transformation with albedo
a(x; y) given by Eq. 3 are identical.

Proof. From Lemmas 2.1, 2.2, and 2.3, we have that
the image of a surface f produced by light source s is
the same as the image of a generalized bas-relief transformed surface f produced by the transformed light
source s = G s, i.e. I s (x; y) = I   s(x; y): When
the object is illuminated by a set of light sources fs g,
then the image is determined by the superposition of
those images that would be formed under the individual light sources. Similarly, the same image can be
produced from the transformed surface if it is illuminated by the set of light sources given by fs g; where
s = G s .
This proposition says that the set of surfaces produced by a generalized bas transformation of a surface
form an equivalence class. The sets of possible images
produced by every surface in this equivalence class are
identical. That is, the set of images is invariant over
the equivalence class of surfaces formed under the generalized bas-relief transformation. An implication of
this result is that given any number of images, it is
impossible to distinguish two objects that di er only
by a generalized bas-relief transformation. Additional
information must be brought to bear to distinguish
them.
In Figure 3, we have simulated bas-relief transformations of a human face. The middle row contains
images produced by the true surface of the face. The
top row contains images produced by a attened form
of the surface, and the bottom row contains images
produced by an elongated form of the surface. The
left column shows the surface of the face from a side
view, orthogonal to the direction of the chosen basrelief transformation. The middle column shows the
faces from a frontal view, parallel to the direction
of the transformation. By choosing the appropriate
lighting directions for each surface all three images in
the column appear identical. (The right column is explained in the next section.)
T
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3 Bas-Relief Ambiguity: Motion

Consider again a surface observed under orthographic
projection. We again de ne a coordinate system attached to the image plane such that the x and y axes
span the image plane and the depth of every visible
point in the scene can be expressed as z = f (x; y)
where f is again a continuous function.
If the surface undergoes a rigid motion and is
viewed under perspective projection, the object's Euclidean structure can be determined from as few as two
images [13, 16, 23]. If the object is viewed orthographically, the object's structure can only be determined up
to a one parameter family of ane distortions [9]. To

sition, we show the motion elds of any surface and
a classical bas-relief transformation (not a generalized
bas-relief transformation) of the surface are identical.
Proposition 3.1 The set of motion elds induced by
all 3-D in nitesimal motions of a surface f is the
same, under orthographic projection, as the set of
all motion elds of a surface di ering by a bas-relief
transformation f(x; y) = f (x; y) where  6= 0.

Proof. Any rigid motion of the surface can be decom-

Figure 3: This gure shows images of three human faces

each di ering by a classical bas-relief transformation. The
3-D data for the true head (the middle row) was obtained
with a 3-D scanner (Cyberwave) and rendered assuming
a Lambertian surface with constant albedo. The heads
in the rst and third row were obtained by scaling the z
coordinate with  < 1 and  > 1 respectively. The left
column shows the faces from a side view, orthogonal to
the direction of the chosen bas-relief transformation. The
middle column shows the faces from a frontal view, parallel
to the direction of the transformation. We have chosen
lighting directions to illuminate the middle images so that
all three images will appear identical. The right column
shows images of the faces after being rotated. We have
chosen rotations angles (7, 5, and 3.5 degrees from top to
bottom) to make the images appear nearly identical.

determine the Euclidean structure under orthographic
projection, at least three images are needed.
Yet, complications arise when the object's motion is
small. For in nitesimal motion under perspective projection, the structure estimates are sensitive to noise,
producing an implicit error in the estimate of the relief of the surface [15, 21]. For small (in nitesimal)
unknown motion under orthographic projection, there
is a genuine bas-relief ambiguity: the shape of the surface can only be recovered up to a scale factor in the
direction of the camera's optical axis, i.e. a classical
bas-relief transformation ( > 0;  =  = 0).
To see this, let us assume that the surface does, in
fact, undergo and arbitrary in nitesimal motion. The
velocity (x;_ y;_ z_ ) of a point (x; y; z ) on the surface f
induces a velocity (x;_ y_ ) in the image plane. The collection of velocities for all points in the image plane is
often called the motion eld. In the following propo-

posed into a rotation about an axis through the origin
and a translation. The overall motion eld is the sum
of the motion elds produced by rotation and translation. For translation, the motion eld is independent
of depth, i.e. constant for all (x; y) and, consequently,
equivalent for both f and f. For rotation, the motion
can be further decomposed into a rotation about the
camera's optical axis and a rotation about an axis in
the image plane. Rotations in the image plane create
motion elds which are again independent of depth.
Thus, the only motion eld in this decomposition that
is dependent on depth is a rotation about an axis in
the image plane.
Without loss of generality, let us choose the y axis.
Denoting the angular velocity of the surface by =
(0; ;_ 0), the 3-D velocity of a point p = (x; y; z ) is
2 _ 3
z
p_ =  p = 4 0 5
_
x
Under orthographic projection, the motion eld is
given by
   _   _

x_ =  z =  f (x; y)
y_
0
0
for all (x; y). Since the angular velocity is unspecied, the surfaces f and f = f have the same motion
vector elds.
This proof follows the results in [9, 17]. An implication of Proposition 3.1 is that under orthographic
projection, a small motion of either the object or the
observer cannot resolve the bas-relief ambiguity. Furthermore, since the motion eld is linear in f (x; y), the
classical bas-relief transformation is the only transformation of f that will be preserve the set of motion
elds.
Consider the third column in Figure 3. The image
produced by a \normal" relief for a viewing direction
of 5 from frontal is nearly identical to the images
produced by a motion of 7 for the attened head and
by a motion of 3:5 for the elongated head.

4 Integrability, Reconstruction, and
the Bas-Relief Ambiguity

In this section, we investigate the role of the generalized bas-relief ambiguity on surface reconstruction using photometric stereo. Let us assume that

a Lambertian surface is illuminated by a point light
source at in nity. When there is no shadowing (i.e.
s (x; y ) = 1), the intensity image produced by a
light source s can be expressed as
f;

I

f;a;s

(x; y) = b(x; y) s
T

(4)

where b(x; y) is the product of the albedo a(x; y) of
the surface and the inward pointing unit surface normal n^ (x; y). From multiple images of the object seen
from a xed viewpoint but with di erent light source
direction, we can solve Eq. 4 for b when the light
source strengths and directions are known. This, of
course, is the standard photometric stereo technique,
see [6, 20, 24].
However, if the light source strengths and directions
are not known, then we can only determine the vector
eld b(x; y) of surface normals and albedos up to a
3  3 linear transformation. For any invertible 3  3
linear transformation A 2 GL(3) [2, 5, 17]

b s = b A A s:

(5)
If b(x; y) is the true vector eld of surface normals
then the recovered vector eld b (x; y) is any vector
eld in the orbit of b(x; y) under the group GL(3).
For a pixelated image with no surface point in shadow,
b can be estimated from a collection of images using
singular value decomposition; when some of the surface points are shadowed, Jacobs' method can be used
to estimate b [8]. Note, however, that not all vector
elds b (x; y) correspond to continuous (or even piecewise continuous) surfaces. We will use this observation
to restrict the group of allowable transformations on
b(x; y) [2].
If b is transformed by an arbitrary A 2 GL(3)
(i.e. any vector eld b (x; y) in the orbit of b under GL(3)), then in general, there will be no surface
f (x; y) with unit normal eld n^  (x; y) and albedo
a (x; y) that could
have produced the vector eld
b (x; y). For f  (x; y) to be a surface, it must satisfy
the following integrability constraint [7]:
T

T

T

T

f = f
which, in turn, means b (x; y) must satisfy
 b   b 
1
2
b3 = b3
xy

yx

Letting A be the i; j -th element of A, and recalling that b = Ab, the left hand side is a function of
b (x; y); b x (x; y); b y (x; y) for i = 1; 2; 3. Since these
functions are generally independent, the coecients
of these function must all vanish for the integrability constraint to hold for all (x; y). This leads to the
following algebraic constraints on the elements of A.
ij

i

i

8
>
>
<
>
>
>
:

A22 A31
A21 A33
A12 A33
A12 A31
A22 A33

i

A21 A32 = 0
A23 A31 = 0
A13 A32 = 0
A11 A32 = 0
A11 A33 + A13 A31 A32 A23 = 0

Since this system is homogeneous, for any A satisfying this system, A also satis es the system; varying
 corresponds to changing the light source intensity
while making a corresponding global scaling of the
albedo function. It can be shown that if A33 = 0,
the matrix A satisfying the constraints is singular. So
we can let A33 = 1, and solve for the remaining coefcients. The only nonsingular solution is A11 = A22
and A12 = A21 = A31 = A32 = 0. That is, A must be
a generalized bas-relief transformation.
The choice of b (x; y) is, of course, not unique since

b (x; y) = Gb satis es the integrability constraint for
any G 2 GBR. Yet, every b has a corresponding
surface f  with a corresponding albedo a(x; y), and
these surfaces di er by a generalized bas-relief ambiguity. Thus, if we have at least three images {
each acquired under di erent light source directions
{ of a surface f (x; y) with Lambertian re ectance
and albedo a(x; y), then by imposing the integrability constraint in Eq. 6, we can recover the surface
f (x; y) up to a generalized bas-relief transformation
f(x; y) = f (x; y)+ x + y: Note that no information
given in the image shadows can resolve this ambiguity,
as Section 2 showed that the set of all possible images
of a surface f (x; y) is invariant under the generalized
bas-relief transformation. If, however, we have additional information about the albedo or the strength of
the light sources we can further restrict the ambiguity.

(6)

Corollary 4.1 If the albedo a(x; y) is constant (or
known), or the light sources s all have the same intensity, then the generalized bas-relief ambiguity G is restricted to the binary subgroup given by  = 1;  = 0;

Proposition 4.1 If b(x; y) corresponds to a surface
f (x; y) with albedo a(x; y), then the set of linear transformation b (x; y) = Ab(x; y) which satisfy the inte-

Proof. If a(x; y) = jb(x; y)j is constant (or known),
then for jb(x; y)j = jb (x; y)j = jAb(x; y)j, A must
preserve length for any b. The only matrices that

y

i

x

grability constraint in Eq. 6 are the generalized basrelief transformations G given in Eq. 2.

Proof. The integrability
constraint given in Eq. 6
     

can be written as (b1y

b2x )b3 + b3x b2 b3y b1 = 0.

and  = 0.

preserve length are the orthonormal matrices. The
only orthonormal matrices that are also generalized
bas-relief transformations correspond to  = 1;  =
0; and  = 0. A similar argument holds about G
when the light source intensities are known.
T

Thus, we can determine the true surface up to
a sign, i.e. f(x; y) = f (x; y). This is the classical in-out ambiguity that occurs in shape from shading [6, 14]. Note however, that the shadowing con gurations change when  changes sign, and if shadowing
is present, this ambiguity can be resolved.

5 Discussion

We have shown that under any lighting condition, the
shading and shadowing on an object is identical to
the shading and shadowing on any generalized basrelief transformation of the object. The generalized
bas-relief transformation is unique in that it is the
only transformation of the surface having this property. Thus, from a single viewpoint, there is an ambiguity in the recovery of the surface: we can { at
best { determine the relief of the surface up to a three
parameter family of linear transformations. No information in either the shadowing or shading can resolve
this. This result supports the recent psychophysical
ndings of [10] that for a variety of surfaces this ambiguity exists and is often unresolved in the human visual system. Furthermore, the motion elds produced
by small camera motions cannot be used to resolve the
surface relief.
In shape recovery, the generalized bas-relief transformation arises because the recovered surface must be
piecewise integrable. While it has been thought that
photometric stereo with unknown light source direction could be solved by rst estimating the light source
directions and then estimating the surface structure,
this paper has shown that these estimates are coupled
through an unresolvable generalized bas-relief transformation. Taken together, these results suggest that
the aim of structure recovery should be a weaker nonEuclidean representation, such as an ane representation [9, 17, 18, 22], a projective representation [3],
or an ordinal representation [4]; object recognition
should not depend on resolution of these ambiguities.
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