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Problem

How doweextractanef�cient representationof the
relevantinformationcontainedin a largesetof
features?

Observed Features

Efficient Representation
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Problem

How doweextractanef�cient representationof the
relevantinformationcontainedin a largesetof
features?
Whatinformationis relevant?

Observed Features

Efficient Representation
?
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Problem

How doweextractanef�cient representationof the
relevantinformationcontainedin a largesetof
features?
Whatinformationis relevant?
TheInformationBottleneckMethodanswersthis.

Observed Features

Efficient Representation
?

Information
Bottleneck
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Overview

TheInformationBottleneckMethodextends
elementsof ratedistortiontheoryto supervised
informationextraction.
Relevantinformationis theinformationin apattern

usefulfor predictinga label .
Ratedistortiontheoryis appliedto maximizethe
amountof informationabout retainedfor a
particularlengthdescription.
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Outline

InformationTheoryDe�nitions.
RateDistortionTheoryOverview.
Applicationof ratedistortiontheoryin the
InformationBottleneck.
Practicalusesof theinformationbottleneck.
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Inf ormation Theory De�nitions

Entropy is theuncertaintyof a randomvariable,
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Interpretation:numberof bitsneededto represent� .
Thisde�nition fallsoutof threerequirements:
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is acontinuousfunctionof �.
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is symmetricw.r.t. its arguments.
Grouping: 1/2
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Inf ormation Theory De�nitions

Example:If

�

is theoutcomeof � coin tosses,
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is minimal.
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Inf ormation Theory De�nitions

Jointentropy is theentropy of apair of r.v.s.
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Conditionalentropy is theuncertaintyof oner.v.
givenknowledgeof theother,
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A goodproperty:
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Inf ormation Theory De�nitions

RelativeEntropy (KullbackLieblerdistance)is a
measureof theinef�ciency of assumingdistribution �

whenthetruedistribution is �,
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Inf ormation Theory De�nitions

Example:Huffmancodeof with truedistribution .

P(A)=1/6 P(B)=1/3

P(C)=1/2

0

0 1

1

Q(A)=1/2

Q(B)=1/3Q(C)=1/6

0

0 1

1

Coding using requires

)

� �

)

� � � �

�

�

�

�

bits onaverage.

Coding using requires

� �

)

� �

)
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�
� bitsonaverage.
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Inf ormation Theory De�nitions

Mutual Informationis therelativeentropy between
thejoint distributionandtheproductdistribution,

�

�

�

�

�

�

�

�

�

�	�

�

�

�



��

�

�	�

�

�

�

�

�	� �

�

�

�

�

�

� �

�

� � �

�

Interpretation:reductionin uncertaintyof dueto
knowledgeof .
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Inf ormation Theory Summary

Eachr.v. hasits own uncertainty,

� �

and

� �

.

Thejoint entropy is thetotal entropy of bothr.v.s.
Theconditionalentropy is thatparticularto a r.v.
Thesharedentropy is themutualinformation.
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RateDistortion Theory Idea

Goal: Determinehow well wecanrepresenta r.v.
usinga compressedrepresentation

�

.
“Goodness”is de�ned asbothminimizing the
descriptionlengthof

�

andaspeci�edmeasureof
distancebetween and

�

.
Rate Distortion

�
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In otherwords,wearetrying to �nd a lossy
compressionof .
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RateDistortion Theory De�nitions

A
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RateDistortion Theory De�nitions

A ratedistortionpair
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R Achievable
(R,D) pairs
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RateDistortion Theory De�nitions

Theratedistortionfunction

� �

is thein�mum of rates
s.t.
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is achievable.

D

R
R(D)
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The RateDistortion Theorem

Theratedistortionfunctionfor ani.i.d. source with
distribution �
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Theorem

Minimization
Algorithm
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Minimization Algorithm

Thedistribution �
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thatminimizes
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canbe
calculatedusingLagrangemultipliersby minimizing
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canbesetto force thedistortionbelow . Varying

sweepsout theratedistortionfunction.
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Minimization Algorithm
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Minimization Algorithm
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Minimization Algorithm

Wecanrewrite
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asfollows:
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This is thedistancebetweentwo setsof probabilitydistri-

butions, � and � .
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Minimization Algorithm

Wecaniteratively estimate �
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(Blahut-Arimotoalgorithm).
This is guaranteedto convergeto theoptimal
solution.

p1
q1

p2
q2p3

A B
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Minimization Algorithm
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Minimization Summary

Wecannotdirectly solve for �

�

�

�

�

�

�

usingLagrange
multipliersbecauseour resultdependson �

�

�

�

�

.

Weconvert theproblemof minimizing

�
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to
thatof minimizing theKL distancebetweentwo sets
of probabilitydistributions.
Thisproblemcanbesolvedby iteratively
minimizing thedistancew.r.t. �
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andw.r.t. �

�

�

�

�

.

Thereareclosedform solutionsto eachof these
minimizationproblems.
Note: wehave foundthepartitioningfunction
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, not thecompressedrepresentation,
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RateDistortion Theory Summary

Wehave foundaprocedurefor computingthe
optimalpartitioningof into codewords

�

, �

�

�

�

�

�

�

.

Thesolutiondependson thechoiceof thedistortion
measure,

�

�
�

�

�

�

�

.

Directly choosingadistortionfunctionis equivalent
to specifyingwhatfeaturesarerelevant.
Themainideaof theInformationBottleneck
Methodis to useasupervisedde�nition of
relevance,thefeaturesof relevantfor predicting
anothervariable .
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The Inf ormation Bottleneck Idea

Goal: Determinehow well wecanrepresenta r.v.
usinga compressedrepresentation

�

.
“Goodness”is de�ned asminimizing therateand
maximizingtheinformationcapturedaboutthe
relevancevariable, .
Theamountof informationabout in the
compressedrepresentation
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is themutual
information,
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The Inf ormation Bottleneck Idea

TheInformationBottleneckMethodis anextensionof
theRateDistortionTheoremusingasupervised
de�nition of relevance.

Rate Distortion
Theorem

Minimization
Algorithm

Information Bottleneck Method�
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Minimization Algorithm

Thedistribution �
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thatminimizes
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calculatedusingLagrangemultipliersby minimizing
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Note: Wespecify
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insteadof amaximumdistortion.
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Minimization Algorithm

Computingthepartialof w.r.t. �
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As before, this solution dependson unknown distribu-
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Minimization Algorithm

Wecaniteratively estimate �

�

�

�

�
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, �
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, and �
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Thiswill convergeto anoptimalsolution.
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Inf ormation BottleneckComparison

Comparethepartitioningfunctions
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TheKL distanceemergedastherelevanteffective
distortionmeasure,eventhoughit wasnotassumed.
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Inf ormation BottleneckComparison

Not only havewe foundtheencodingfunction
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, but wehave foundthedecodingfunction
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(given
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).

Encoder Decoder
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The Inf ormation Plane

How dowechoose and

�

�

�

?

For eachvalueof

�

�

�

, differentvaluesof sweep
outacurve in theInformationPlane.
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Practical Uses

Wehave astochasticmappingof theobserved
patternsto anef�cient representation.
How is this useful?
DeterministicAnnealingcanbeusedto clusterthe
features.
TheAgglomerative InformationBottleneck�nds a
greedyhierarchicalclusteringof thefeaturesfor

.
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DocumentClustering Application
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DocumentClustering Application
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DocumentClustering Application
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DocumentClustering Application

TheInformationBottleneckMethodwasappliedto
documentclustering.

First,apartitioningof thewords, �

�

���

�

�

�

, is found
thatpreservesinformationaboutthedocuments, .
Second,theoriginaldocumentrepresentationis
replacedby a representationbasedon the
word-clusters.

Finally, apartitioningof thedocuments, �

�

�

�

�

�

�

, is
foundthatpreservesinformationaboutthewords,

.
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DocumentClustering Results
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Inf ormation BottleneckSummary

TheInformationBottleneckMethodextends
elementsof ratedistortiontheoryto supervised
informationextraction.
Relevantinformationis de�ned astheinformationin

usefulfor predicting .
A guaranteediterativeminimizationalgorithmis
appliedto �nd thepartitioningof into

�

, �

�

�

�

�

�

�

.

Thesolutionis equivalentto usingtheKL distance

�

�

�

�

�

�

� � �

�

�

�

�

�

�

� �

for adistortionmeasure.
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