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relevantinformationcontainedn alarge setof
features?
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Overview

= ThelnformationBottleneckMethodextends
elementf ratedistortiontheoryto supervised
Informationextraction.

= Relevantinformationis theinformationin a pattern
X usefulfor predictingalabel Y.

= Ratedistortiontheoryis appliedto maximizethe
amountof informationaboutY” retainedfor a
particularlengthdescription.



InformationTheoryDe nitions.
RateDistortion TheoryOverview.

Applicationof ratedistortiontheoryin the
InformationBottleneck.

Practicalusesof theinformationbottleneck.



Information Theory De nitions

m IS the uncertaintyof arandomvariable,
HX Y

= Interpretationnumberof bits neededo represent .

= Thisde nition falls out of threerequirements:
= H Is acontinuoudunctionof .

m H IS symmetricw.r.t. its aguments.
= Grouping y
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Information Theory De nitions

= Example:lf X Istheoutcomeof cointosses,
P :

m If thenH X IS maximal.
m |f thenH X IS minimal.




Information Theory De nitions

= Jointentropy Is theentroypy of apairof r.v.s.
HXY >

= Conditionalentropy Is theuncertaintyof oner.v.
givenknowledgeof theother _—

HY X > Z_

= Agoodproperty:H XY HX +HY X .




Information Theory De nitions

Relatve Entropy (KullbackLiebler distance)s a
measuref theinef ciency of assuminglistribution
whenthetruedistributionis

D > —



Information Theory De nitions

Example:Huffmancodeof X with truedistribution P.

0 1 0 1
0 mzm Q(A):{?\l
P(A)=1/6 P(B)=1/3 Q(B)=1/3Q(C)=1/6

= Coding X usingP requires
PA+ PB +PC bits on average.

= Coding X using( requires
PA+ PB + PC - bitson average.



Information Theory De nitions

= Mutual Informationis therelatve entropy between
thejoint distribution andthe productdistribution,

XY >

HX HXY

= Interpretationreductionin uncertaintyof X dueto
knowledgeof Y.



Information Theory Summary

= Eachr.v. hasits own uncertainty# X andH Y .
= Thejoint entroyy Is thetotal entroy of bothr.v.s.
= Theconditionalentropy Is thatparticularto ar.v.
= Thesharecentropy is the mutualinformation.




Rate Distortion Theory Idea

= Goal: Determinehow well we canrepresenar.v. X
usingacompressedepresentatiorX .

= “Goodness’is de ned asbothminimizing the
descriptionlengthof X andaspeci ed measuref
distancebetweenX and.X. /

Rate Distortion X X — R
= [n otherwords,we aretryingto nd alossy

compressiomf X.




Rate Distortion Theory De nitions

m A ratedistortioncodeconsistf an
encodingfunction,f X — , anda
decodindgfunction — X .

X Encoder Decoder X
f X I f X

Which codavord Whatgloesedach

representsy ? cogavor

represent?

m Thedistortionof this codels

D E X f X



Rate Distortion Theory De nitions

A ratedistortionpair R D is achievableif thereexists
a ratedistortioncode f S.t.

E X fX <D

Achievable
(R,D) pairs



Rate Distortion Theory De nitions

Theratedistortionfunction 2 D 1sthein mum of rates
Rs.t. R D iIsachievable.
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The Rate Distortion Theorem

Theratedistortionfunctionfor ani.i.d. sourceX with

distribution anddistortionfunction 1S
R D X X
where E X X <D

Rate Distortion Minimization
Theorem Algorithm




Minimization Algorithm

Thedistribution thatminimizes X X canbe
calculatedusingLagrangemultipliersby minimizing

2
Z B
2. 2

3 canbe setto forcethedistortionbelov D. Varying 3
sweepduttheratedistortionfunction.



Minimization Algorithm




Minimization Algorithm

Unfortunately the equationfor dependson the
unknavn



Minimization Algorithm

We canrewrite R D asfollows:

R D

X X

D

D

Thisis thedistance

netweertwo setsof probabilitydistri-

butions, A andB .



Minimization Algorithm

= We caniteratvely estimate and that
minimize D
(Blahut-Arimotoalgorithm).

= Thisis guaranteedo corvergeto theoptimal
solution.




Minimization Algorithm

m Thedistribution thatminimizes X X IS

2

= Thiscanbeshown by proving

D

D D

andthereforas non-n@ative for all



We cannotdirectly solve for usingLagrange
multipliersbecaus®ur resultdepend®n

We corverttheproblemof minimizing X X to

thatof minimizingthe KL distancebetweernwo sets
of probabilitydistributions.

This problemcanbesolvedby iteratvely
minimizing the distancew.r.t. andw.r.t.

Thereareclosedform solutionsto eachof these
minimizationproblems.

Note: we have foundthe partitioningfunction
f , notthecompressedepresentation,

f



We have founda procedurdor computingthe
optimal partitioningof X into codeavords.X,

Thesolutiondepend®nthechoiceof thedistortion
measure,

Directly choosinga distortionfunctionis equvalent
to specifyingwhatfeaturesarerelevant.

Themainideaof the InformationBottleneck
Methodis to usea supervisede nition of
relevance thefeaturef X relevantfor predicting
anotherwariableY'.



Goal: Determinehow well we canrepresenar.v. X

usinga compressedepresentatiork’.
“Goodness’is de ned asminimizing therateand

maximizingtheinformationcapturedaboutthe
relevancevariable,Y .

Theamountof informationaboutY” in the
compressedepresentatiorkX’ is the mutual
Information,

Xy )




The Information Bottleneck ldea

"he InformationBottleneckMethodis an extensionof
the RateDistortion Theoremusingasupervised
de nition of relevance.




Minimization Algorithm

Thedistribution thatminimizes X X canbe
calculatedusingLagrangemultipliersby minimizing

F XX B XY )

2
B 3

Note: We specify X Insteadof a maximumdistortion.



Minimization Algorithm

Computingthe partialof F w.r.t. yields
— Y .
Settingthis equalto 0 andsolvingfor yields
D
Z B b

As before, this solution dependson unknowvn distribu-
tions, and



Minimization Algorithm

= We caniteratively estimate , , and
thatminimize 7

= Thiswill convergeto anoptimalsolution.

m Thedistribution thatminimizesF Is
m Thedistribution thatminimizesF is

2



Information Bottleneck Comparison

Comparehe partitioningfunctions

Z B or

Z B b

TheKL distanceemepgedastherelevanteffective
distortionmeasureeventhoughit wasnotassumed.



Information Bottleneck Comparison

Not only have we foundthe encodingfunction
f , but we have foundthe decodingfunction

(given X).

Encoder Decoder
X
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The Information Plane

= How dowechooses and X ?

= Foreachvalueof X , differentvaluesof 5 sweep
outacurwein thelnformationPlane

1

>
>

Y




Practical Uses

= We have a stochastianappingof theobsenred
patterndo anefcient representation.

= How Is this useful?

m DeterministicAnnealingcanbe usedto clusterthe
features.

m The Agglomeratve InformationBottleneck nds a
greedyhierarchicaklusteringof thefeaturedor
8 — o0.




DocumentClustering Application

10:_ — - —
= i —
) 20 s — - —
E —— - .
30 =— ————
S == —_
S s0_ == _
A oo W _ m
70;_—=—_-__ —
™ Bl
8() == 2 ——"
5 10 15
Words

Documents-wrdscountsmatrix.



DocumentClustering Application

Documents

Words

Permutedlocuments-wrdscountsmatrix.



DocumentClustering Application

Documents

Words

DocumentClusters.
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ThelnformationBottleneckMethodwasappliedto
documentlustering.

First, a partitioningof thewords, , Is found
thatpreseresinformationaboutthedocumentsp.

Secondtheoriginaldocumentepresentatiors
replacedoy arepresentatiobasednthe
word-clusters.

Finally, a partitioningof thedocuments, IS
foundthatpreseresinformationaboutthewords,



DocumentClustering Results
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ThelnformationBottleneckMethodextends
elementf ratedistortiontheoryto supervised
Informationextraction.

Relarantinformationis de ned astheinformationin
usefulfor predictingY’.

A guaranteederatve minimizationalgorithmis
appliedto nd thepartitioningof into

Thesolutionis equivalentto usingthe KL distance
D for adistortionmeasure.
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