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Dimensionality Reduction

Thetaskof dimensionalityreductionis to find asmall
numberof featuresto representa largenumberof
observeddimensions.

GlobalGeometricFrameworksfor NonlinearDimensionalityReduction– p.2/51



Dimensionality Reduction
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Eachimagehas64x 64= 4096pixels(observeddimensions)
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Dimensionality Reduction

Thetaskof dimensionalityreductionis to find asmall
numberof featuresto representa largenumberof
observeddimensions.

Manifold
faceslie on

Image
space

3 featuresneeded
Faceslie ona low-D

manifoldin theimagespace
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Overview

I will presentfour methodsfor dimensionalityreduction.

PrincipalComponentAnalysis(PCA) findsthe
subspacethatbestpreservesthevarianceof thedata.

MultidimensionalScaling(MDS) findsthesubspace
thatbestpreservestheinterpointdistances.

IsometricFeatureMapping(Isomap)findsthe
subspacethatbestpreservesthegeodesicinterpoint
distances[Tenenbaumetal, 2000].

Locally LinearEmbedding(LLE) findsthesubspace
thatbestpreservesthelocal linearstructureof the
data[RoweisandSaul,2000].
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PCA

PCAfindstherank

�

projectionthatpreservesvariance.

= maxesvariance
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PCA

PCAfindstherank

�

projectionthatmaximizesvariance.
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PCA

PCAfindstherank

�

projectionthatmaximizesvariance.
Formally: Find theorthonormalbasis � ��� ���� � � � � 	 


thatmaximizethevarianceof �
� � � �� .
Data

� � � ���� � � � ��� 


� � � � � � � � � �� 


� �� � �
�� � � � �� � � �

(1)

� � � � � � � � � 


(2)

� � � � 


(3)
� � � � 


(4)
� �

(5)

thatmaxes
�

arethefirst

�

eigenvectorsof .

GlobalGeometricFrameworksfor NonlinearDimensionalityReduction– p.8/51



Multidimensional Scaling

MDS findstherank

�

projectionthatbestpreservesthe
interpointdistances(dissimilarity)givenonly .

Pairwise
distances

�

� � �� � � �

(Centering
matrix)� 
 � � ��� � �

Solution:

1. From , calculate � � � � � � .

2. Spectrallydecompose � �

.

3. � ��

4. Rank

�

projections closestto is � 	 	 �� .
Coordswith

pairwise
Euclidean

distances

’s top

�

eigenvectors/
eigenvalues
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PCA vs MDS

If arethepairwiseEuclideandistancesbetween ,

then  ! " � � # �
 ! " $% &.

Lemma:  ! " � $% & and  ! " � $% &

$% & � � $ % & � $ % & $% & (6)� � $ % & � � $ % & � $% & � (7)

 ! " � �  ! " �  ! "  ! " (8)
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PCA vs MDS

If arethepairwiseEuclideandistancesbetween ,

then  ! " � � # �
 ! " $% &.

Lemma:  ! " � $% & and  ! " � $% &

$% & � � $ % & � $ % & $% & (9)� � $ % & � � $ % & � $% & � (10)

 ! " � �  ! " �  ! "  ! " (11)
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PCA vs MDS

If arethepairwiseEuclideandistancesbetween ,

then  ! " � � # �
 ! " $% &.

Lemma:  ! " � $% & and  ! " � $% &

Sketch:  ! " � � # � $ % &.

 ! " � �  ! " (12)

� � $% & (13)
� $% & (14)

� $% & (15)

� � # � $% & (16)
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PCA vs MDS

If arethepairwiseEuclideandistancesbetween ,

then  ! " � � # �
 ! " $% &.

Lemma:  ! " � $% & and  ! " � $% &

Sketch:  ! " � � # � $ % &.
Conclusions:

In theEuclideancase,MDS only differsfrom PCA
by startingwith andcalculating .

Startingwith is usefulwhen is notEuclidean,
but adissimilarityfunctionof thedata.
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Classical Linear Algorithms

PCAandEuclideanMDS aresimple,efficient,and
guaranteedto optimizetheir criterions.

Becausethey arelinear, they cannotfind nonlinear
structurein thedata.

Example:
Data

Ideally, thedatawouldberepresentedby the
arclength.

GlobalGeometricFrameworksfor NonlinearDimensionalityReduction– p.14/51



Classical Linear Algorithms

PCAandEuclideanMDS aresimple,efficient,and
guaranteedto optimizetheir criterions.

Becausethey arelinear, they cannotfind nonlinear
structurein thedata.

Example:
Data

ProjectedData

Ideally, thedatawouldberepresentedby the
arclength.

GlobalGeometricFrameworksfor NonlinearDimensionalityReduction– p.15/51



Isomap Vocabulary

Isometric: Distancepreserving.

Manifold: A topologicalspacewhich is locally flat.

Geodesic: Shortestcurvealongthemanifold
connectingtwo points.

Examplemanifoldsandgeodesics:

Plane

geodesics

Sphere

Greatcircle
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Isomap

Isomapfindstheprojectionthatpreservestheglobal,
nonlineargeometryof thedataby preservingthe
geodesicmanifoldinterpointdistances.

Isomapfirst approximatesthegeodesicinterpoint
distances,thenrunsMDS to find theprojectionthat
preservesthesedistances.

Isomap’sapproximationof thegeodesicdistancesis
asymptoticallyguaranteed.

GlobalGeometricFrameworksfor NonlinearDimensionalityReduction– p.17/51



Approximating Geodesic Distances

Approximatemanifolddistances

' $ � �� ( �

from :

1. Determinewhich �*) areneighbors,basedon the
Euclideandistances

',+ � �� ( �

.

2. Createagraph

� � � �
where arebetween

neighboring � ) with weights
'+ � �� ( �

.

3. Estimate

' $ � �� ( �

by
'.- � �� ( �

, theshortestpath
distancebetween �
) and �� in .
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Geodesic Approximation Example

In this example,themanifoldis asinecurve.

Data
Geodesic

approximation

/ / � 01

/ / � 21

/ / � 31

/ / � 41

/ / � 05 1
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Asymptotic Guarantee

Graphdistance

' - convergesto manifolddistance

' $.
Formally, given

6 ��� 6 �� 7 8 1 , thenfor a sufficiently high
datadensityfunction 9 theinequalities

0 � 6 �

'.-
' $

0 6 �

holdwith probabilityat least
� 0 � 7 � .
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Proof Sketch

Recall:

':- � �
; � �=< � � > ��? 
� '@+ �1 � 0 � � � � '+ �BA � 0� A � �

.

Define:

' & � � ; � � < � � > ��? 
� ' $ �1 � 0 � � � � ' $ �A � 0� A � �

Wewill show:

' $ C ' & and

' & C ' - .

Lemma1:

' $ � �
; � �=< � ' & � �
; � �=< �
:

D

D

D
' &

' $�*; �E<

Lemma2:

':- � �
; � �=< � ' & � � ; � � < �

because

'+ ' $.
Themaintaskis to show that

' & is not muchbiggerthan' $ and

'.- .
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The Sampling Condition

Let F� G 8 1 with

3 GIH F. Thesamplingconditionsare:

1. containsall edges

� �*) � �� �

for which' $ � � ) � �� � F.
2. For all in themanifold,thereis an �J) s.t.' $ � � � ) � G

.
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The Sampling Condition

Lemma3: Giventhesamplingcondition,' & � �
; � �=< � � 0 3 G K F � ' $ � �
; � �=< �

.�*;

� <

' $ �1 � A �
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The Sampling Condition

Lemma3: Giventhesamplingcondition,' & � �
; � �=< � � 0 3 G K F � ' $ � �
; � �=< �

.�*;

� <

' $ �1 � A �

L; L � L � LJM

L<

� ; � � � �

� � � F � 2 G

� ; F � 2 G
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The Sampling Condition

Lemma3: Giventhesamplingcondition,' & � �
; � �=< � � 0 3 G K F � ' $ � �
; � �=< �

.�*;

� <

L; L � L � LJM

L<

� ; � � � �
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The Sampling Condition

Lemma3: Giventhesamplingcondition,' & � �
; � �=< � � 0 3 G K F � ' $ � �
; � �=< �

.�*;

� <

L; L � L � LJM

L<

� ; � � � �

� � � � � M

� � � F � 2 G
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The Sampling Condition

Lemma3: Giventhesamplingcondition,' & � �
; � �=< � � 0 3 G K F � ' $ � �
; � �=< �

.

L) L)N �

� �

� ) � )N �

� � � F � 2 G

� ; F � 2 G
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The Sampling Condition

Lemma3: Giventhesamplingcondition,' & � �
; � �=< � � 0 3 G K F � ' $ � �
; � �=< �

.

L) L)N �

� �

� ) � )N �

H G

H G

' $ � � ) � �
)N � �

' $ � � ) � �
)N � � ' $ � � ) � L) � ' $ � L) � L)N � � ' $ � L)N � � � )N � �

G � � G

� F
� � � F K � F � 2 G �
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The Sampling Condition

Lemma3: Giventhesamplingcondition,' & � �
; � �=< � � 0 3 G K F � ' $ � �
; � �=< �

.

L) L)N �

� �

� ) � )N �

H G

H G

' $ � � ) � �
)N � �

So

' $ � �
) � �
)N � � � � F K � F � 2 G �
. In addition,' $ � �J; � � � � � ; F K � F � 2 G �

and' $ � �=<�O ��� � < � � ; F K � F � 2 G �

.
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The Sampling Condition

Lemma3: Giventhesamplingcondition,' & � �
; � �=< � � 0 3 G K F � ' $ � �
; � �=< �

.�*;

� <

L; L � L � LJM

L<

� ; � � � �

� � � � � M
By thesecondsamplingcondition,all

� �*) � � )N � �

arein .' & � � ; � �=< � ' $ � � ) � �
)N � �

� � F K � F � 2 G �

� ' $ � � ; � � < � F K � F � 2 G �

H ' $ � � ; � � < � � 0 3 G K F �
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P is not much bigger than

Lemma4: Givensomesamplingconditions,
' & is not

muchbiggerthan

'.- .
Minimum Radiusof Curvature: Radiusof thesphere
with curvatureequalto themaximumcurvatureof the
manifold.
Idea:�
)

� )N �

' & � � ) � �*)N � �

� ;Q

' & � �
) � �
)N � � � 2 � ; Q

'+ � �*) � � )N � � K � 2 � ; � � R �? � Q �

'+ � �*) � � )N � � � 2 � ; R �? � Q �

For radii of curvaturemorethan� ; ,' & is closerto

'+ .
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Locally Linear Embedding (LLE)

LLE findstheprojectionthatpreservestheglobal
nonlineargeometryof thedataby preservingits
locally linearstructure.

Assumption:Givensufficient sampling,eachdata
pointandits neighborslie ona locally linearpatch.

Basicalgorithm:
1. Determinewhich � ) areneighborsfrom

'@+ � �� ( �

.
2. Find thecoefficients thatbestreconstruct �
)

asa linearfunctionof its neighbors.
3. Find thelow-dimensionalprojectionsof thedata

thatpreserve theselocally linearreconstructions.
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Mathematically

1. Find theneighborsof � ) , S � �
) � � T �� U
closeenough

to � ) .
2. Find thelinearcoefficients thatminimizeV � � � ) / �*) � � W ) � �� / �

.

3. Hold constantandfind thelow-D projections
thatminimize

� � � ) / � ) � � W ) � � ) / �

.
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Example

NonlinearManifold in 2D:

1D embeddingspace:
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Example

NonlinearManifold in 2D:

1D embeddingspace:

Projectpatchesof themanifoldinto thelow-D space,
preservinglocal relationships.
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Example

NonlinearManifold in 2D:

1D embeddingspace:

Projectpatchesof themanifoldinto thelow-D space,
preservinglocal relationships.

As thepatchesoverlap,globalgeometryis preserved.
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Example

NonlinearManifold in 2D:

1D embeddingspace:
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Local Linear Geometry

If �
) and S � �
) �

lie onor neara linearpatch,then � )

canbeapproximatedasa linearfunctionof S � � ) �

.

Any lineartransformationof aneighborhood
preservesthis linearreconstruction.

Theoptimallinearcoefficients of this linear
functionminimize V � � � ) / �*) � � W ) � �� / �

,
subjectto theconstraints:
1. W ) � � 1 if �� KYX S � �*) �

.
2. � W ) � � 0
Minimizing V � �

is anover-constrained,
least-squaresproblem.
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Neighborhood Preserving Mapping

Find thatminimizes

� � � ) / � ) � � W ) � � ) / �

.

� � �
)

/ � � ) � Z ) � / �

� [ � �\ � � � � ) � Z ) � � � � ) � Z ) � � � �

� [ � �\ � � � �
(17)

If weconstrain to havemean

]

andvariance

�

then
arethefirst eigenvectorsof .
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Swiss Roll

DataSet:
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Swiss Roll Results: Isomap

Isomapcorrectly“unwinds” theSwissRoll.
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Swiss Roll Results: LLE

LLE correctly “unwinds” the SwissRoll, but the algo-

rithm is not stable.
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Moebius Strip
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Moebius Strip Results: Isomap
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Moebius Strip Results: LLE

GlobalGeometricFrameworksfor NonlinearDimensionalityReduction– p.46/51



Face Results: Isomap

Isomapfindsmeaningfulfeatures.
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Face Results: LLE

LLE findsmeaningfulfeatures.
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Isomap Hand Results

Isomapfindsmeaningfulfeatures.
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Lip Results: LLE
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