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Dimensionality Reduction

Thetaskof dimensionalityreductionis to find asmall
numberof featuredo represena large numberof
obsereddimensions.




Dimensionality Reduction

Thetaskof dimensionalityreductionis to find asmall
numberof featuredo represena large numberof
obsereddimensions.

SEIFE . *_64_"
PECIVR

u“"\‘! !

Eachimagehas64 x 64 = 4096pixels(obsereddimensions)




Dimensionality Reduction

Thetaskof dimensionalityreductionis to find asmall
numberof featuredo represena large numberof
obsereddimensions.

s = mmm mmm = ————

Left-Right Pose  }

]
N ‘1

'?ﬁ-‘

Up-Down Pose
&@& :

"‘@

|
|
|
|
|
|
|
|
|
|
|
|
|
|
C}r :

Facedie onalow-D
manifoldin theimagespace 3 featuresneeded

'Mnu;_luml_“_mm.‘-_‘mm-

[
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I



Overview

| will presenfour methoddor dimensionalityreduction.

m PrincipalComponenanalysis(PCA) findsthe
subspacéhatbestpreseresthevarianceof thedata.

= MultidimensionalScaling(MDS) findsthe subspace
thatbestpreserestheinterpointdistances.

= [sometricFeatureMapping(lsomap)findsthe
subspacéhatbestpreseresthegeodesianterpoint
distancegTrenenbaunetal, 2000}

= Locally LinearEmbeddingLLE) findsthe subspace
thatbestpreseresthelocal linearstructureof the
data/RoweisandSaul,2000].



PCA

PCAfindstherank! projectionthatpreseresvariance.
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PCA

PCAfindstherank! projectionthatmaximizesvariance.



PCA

PCAfindstherank! projectionthatmaximizesvariance.
Formally: FindtheorthonormabasisU = [uy, ..., u;|

thatmaximizethevarianceof y, = U’ (x; .

Var(Y) = Var(U'X) (1)
Y =yt v _ B[(UTX)(UTX)"] (2)
X =[x, ..., XN] = i} XXTU] ©)

> Var(X) ~ U E[XXHU (4)

U thatmaxesU? XU arethefirst [ eigervectorsof .



Multidimensional Scaling

MDS findstherank! projectionthatbestpreseresthe
Interpointdistancegdissimilarity) givenonly D<\

Solution Pairvise
1. FromD, calculateB = XX = —111DH. distance?
~111
2. Spectrallydecomposd&’= VAV? |
P 4 P 1 (Centerlng

3. X =VA: ['VA] = eig(B) matrix)
4. Rank! prgjectionsY closestto X iIsY = VA2,

Coordswith B'stop! j
pairwise _
Euclidean elgervectors/

. eigervalues
distanced J



PCA vsMDS

If D arethe pairwiseEuclideandistance®etweenX,

theanCA — A}D/CQ*AYMDS-
Lemma:V oy = XVypsandApos = Ayps

BVMDS:XTXVMDS = Aups wmDs (6)
T mps) = Aups(  wmps) (7)

> poa= ' poa = Apca poa (8)



PCA vsMDS

If arethepairwiseEuclideandistancedvetween

1/2
then PCA:AP/CA MDS:-

Lemma: 4 — vnsandApca = Ayps
B wyps = g vps = Ayubps wmDs )
T wps) = Aups(  wps)(10)

> poa = I poa = Apca pca (11)



PCA vsMDS

If arethepairwiseEuclideandistancedvetween

1/2

then poa = Apss wmbps.
vpsandApos = Ayps

Lemma: 4 —
Sketch: poq = A2

PCA

MDS'-

(12)
(13)
(14)
(15)
(16)



If arethepairwiseEuclideandistancedvetween

1/2
then PCA = AP/CA MDS:-
Lemma: andApcs = Ayps
Sketch: PCA — A1/2 MDS-

Conclusions:

In the Euclideancase MDS only differsfrom PCA
by startingwith  andcalculating

Startingwith  isusefulwhen Is notEuclidean,
but adissimilarityfunctionof thedata.



Classical Linear Algorithms

= PCAandEuclideanMDS aresimple,efficient,and
guaranteedo optimizetheir criterions.

= Becauseahey arelinear, they cannotfind nonlinear
structurein thedata.

= Example:

Data
| A VAVAVAVAVY -

= |deally, thedatawould berepresentetdy the
arclength.



Classical Linear Algorithms

= PCAandEuclideanMDS aresimple,efficient,and
guaranteedo optimizetheir criterions.

= Becauseahey arelinear, they cannotfind nonlinear
structurein thedata.

= Example:

Data
ProjectedData

= |deally, thedatawould berepresentetdy the
arclength.



| somap Vocabulary

= [somelric Distancepreserving.
= Manifold: A topologicalspaceawhichis locally flat.

= Geodesic Shortesturve alongthe manifold
connectingwo points. _
Greatcircle

= Examplemanifoldsandgeodesics:

Sphere



Isomapfindsthe projectionthatpreserestheglobal,
nonlineargeometryof the databy preservinghe
geodesiananifoldinterpointdistances.

Isomapfirst approximateshe geodesignterpoint
distancesthenrunsMDS to find the projectionthat
preseresthesedistances.

Isomaps approximatiorof the geodesialistancess
asymptoticallyguaranteed.



Approximating Geodesic Distances

Approximatemanifolddistances ;(z, ) from

1. Determinewhichx areneighborspasednthe
Euclideandistances (¢, ).

2. CreateagraphG(V = | F) whereFE arebetween
neighboringx with weights (¢, ).

3. Estimate »,(i, ) by (i, ), theshortespath
distancenetweenx andx; in G.



Geodesic Approximation Example

In this example,the manifoldis a sinecure.

Geodesic

Data approximation



Asymptotic Guarantee

Graphdistance corvergesto manifolddistance ;.

Formally, given , o, , thenfor a sufficiently high
datadensityfunction theinequalities

— 1< — <+ o
M

holdwith probabilityatleast( — ).



Proof Sketch

Recal: (x ,x )= Ig ( (,)+4+ (=)
Define: g(x ,x ) = Ig (m(, )+ 4+ (. — )
Wewill shaw: gand g .
Lemmal: p(x.,x )< g(x,x):

ANy

Lemma2: (x,x )< g(x,x )because < .
Themaintaskis to shav that ¢ Is not muchbiggerthan
v and



The Sampling Condition

Let |, with . Thesamplingconditionsare:
1. G containsall edgesx , x;) for which
M(X,X;) < .

2. For all m in themanifold,thereis anx s.t.
M(m7 X ) <



The Sampling Condition

Lemma3: Giventhe samplingcondition,
S(X,X}gg( + ) m(x ,x ).

M(v)
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The Sampling Condition

Lemma3: Giventhe samplingcondition,
S(x,xx)g( + ) m(x ,x ).
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The Sampling Condition

Lemma3: Giventhe samplingcondition,

S(X,X}g gXl( + ) m(x ,x ).

IA I
|
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The Sampling Condition

Lemma3: Giventhe samplingcondition,

S(X,X}g gXl( + ) m(x ,x ).
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The Sampling Condition

Lemma3: Giventhe samplingcondition,
sx,x)<( + ) mx,x).

ly

IA I
|
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The Sampling Condition

Lemma3: Giventhe samplingcondition,
sx,x)<( + ) mx,x).
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The Sampling Condition

Lemma3: Giventhe samplingcondition,
sx,x)<( + ) mx,x).

ly

So <IlI; ( — ).Inaddition,
(— )and



The Sampling Condition

Lemma3: Giventhe samplingcondition,
sx,x)<( + ) mx,x).

By thesecondsamplingcondition,all (x ,x 1) arein G.
S(X,X) é M(X7X 1)

< lj( )

|
A
I
_
g
|
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ISnot much bigger than

Lemma4: Givensomesamplingconditions, g IS not
muchbiggerthan

Minimum Radiusof Curvature Radiusof thesphere
with cunvatureequalto the maximumcurvatureof the
manifold.

ldea:
X S(X y X 1)

Tl (x,x 1) (

For radii of curvaturemorethanr |,
¢ IS closerto



LLE findstheprojectionthatpreserestheglobal
nonlineargeometryof the databy preservingts
locally linearstructure.

Assumption:Givensufficient sampling.eachdata
pointandits neighbordie on alocally linearpatch.
Basicalgorithm:

1. Determinewhichx areneighbordrom (7, ).

2. Findthecoeficients thatbestreconstrucik
asalinearfunctionof its neighbors.

3. Findthelow-dimensionaprojectionsof thedata
thatpresenre thesdocally linearreconstructions.




Mathematically

1. Findtheneighborofx, (x)= x; closeenough
tox.

2. Findthelinearcoeficients thatminimize

()= x—= ; ;%7

3. Hold  constantandfind thelow-D projections
thatminimize®( ) = y — 4y >



Example

NonlinearManifold in 2D:

1D embeddingspace:



NonlinearManifold in 2D:

1D embeddingspace:

Projectpatchesf the manifoldinto thelow-D space,
preservindocal relationships.
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If x and (x ) lie onor nearalinearpatch,thenx
canbeapproximatedsalinearfunctionof (x ).

Any lineartransformatiorof a neighborhood
preseresthislinearreconstruction.

Theoptimallinearcoeficients  of thislinear
functionminimize ( )= X — X7
subjectto the constraints:

1. j = |f Xj (X )

2. =

J
Minimizing ( ) isanover-constrained,
least-squaregroblem.



Neighbor hood Preserving Mapping

Find thatminimizes®( )= y — 5 5y °

o )=  (@- )

= rae( (I - ) @T- )Y
= ra e 2 (17)

If we constrain to have mean andvariancel then
arethefirst eigervectorsof



Swiss Roll

DataSet:
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Swiss Roll Results: |somap

Isomapcorrectly“unwinds” the SwissRoll.
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Swiss Roll Results: LLE

LLE correctly “unwinds” the Swiss Roll, but the algo-
rithm is not stable.



M oebius Strip
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Moebius Strip Results: |somap
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Moebius Strip Results: LLE
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Face Results. | somap

Isomapfinds meaningfulfeatures.
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Face Reaults, LLE

LLE findsmeaningfulfeatures.
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| somap Hand Results

Isomapfinds meaningfulfeatures.
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Lip Results: LLE
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