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Abstract. Multi-objective evolutionaryalgorithmswhichusenon-dominategort-
ing andsharinghave beenmainly criticizedfor their (i) O(mN?®) computational
compleity (wherem is the numberof objectvesand IV is the populationsize),
(ii) non-elitismapproachand(iii) theneedfor specifyinga sharingparameterin
this paper we suggest non-dominatedortingbasedmulti-objective evolution-
aryalgorithm(we calledit theNon-dominated®ortingGA-Il or NSGA-II) which
alleviatesall the above threedifficulties. Specifically a fastnon-dominatedort-
ing approachwith O(mN?) computationacompleity is presentedSeconda
selectionoperatoris presentedvhich createsa mating pool by combiningthe
parentand child populationsand selectingthe best(with respectto fitnessand
spread)N solutions.Simulationresultson five difficult testproblemsshawv that
theproposedNSGA-II is ableto find muchbetterspreadf solutionsin all prob-
lemscomparedo PAES—anotheeelitist multi-objective EA which paysspecial
attentiontowardscreatinga diversePareto-optimafront. Becausef NSGA-II's
low computationatequirementselitist approachandparametetesssharingap-
proach,NSGA-II shouldfind increasingapplicationsn theyearsto come.

1 Introduction

Over the pastdecadea numberof multi-objective evolutionaryalgorithms(MOEAS)
have beensuggested[9, 3,5,13]. The primary reasonfor this is their ability to find
multiple Pareto-optimalsolutionsin onesinglerun. Sincethe principal reasorwhy a
problemhasa multi-objective formulationis becausét is not possibleto have a single
solutionwhich simultaneouslyptimizesall objectves,analgorithmthatgivesalarge
numberof alternatve solutionslying on or nearthe Pareto-optimalfront is of great
practicalvalue.

The Non-dominatedSorting GeneticAlgorithm (NSGA) proposedn Srinivasand
Deb [9] was one of the first suchevolutionary algorithms.Over the years,the main
criticism of the NSGA approachave beenasfollows:

High computational complexity of non-dominated sorting: Thenon-dominatedort-
ing algorithmin useuptil now is O(mN?) whichin caseof large populationsizes
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is very expensie, especiallysincethe populationneedgo be sortedin every gen-
eration.

Lack of elitism: Recentresults[12,8] shav clearlythatelitism canspeedup the per
formanceof the GA significantly alsoit helpsto preventthelossof goodsolutions
oncethey have beenfound.

Need for specifying the sharing parameter o444 Traditionalmechanismsefinsur
ing diversityin a populationsoasto geta wide variety of equivalentsolutionshave
relied heavily onthe conceptof sharing.The main problemwith sharingis thatit
requiresthe specificationof a sharingparametefosyq-.). Thoughtherehasbeen
somework on dynamicsizing of the sharingparametef4], a parameterlesdiver-
sity preserationmechanisnis desirable.

In this paperwe addressll of theseissuesandproposea muchimprovedversionof
NSGAwhichwe call NSGA-II. Fromthesimulationresultsonanumberof difficult test
problemswefind thatNSGA-II hasabetterspreadn its optimizedsolutionsghanPAES
[6]—anotherelitist multi-objective evolutionaryalgorithm.Theseresultsencouragé¢he
applicationof NSGA-II to morecomplex andreal-world multi-objective optimization
problems.

2 Elitist Multi-Objective Evolutionary Algorithms

In the studyof Zitzler, Deb,andTheile [12], it wasclearly shavn thatelitism helpsin
achieving bettercorvergencein MOEAs. Among the existing elitist MOEAS, Zitzler
and Thiele’s [13] strengthParetoEA (SPEA), Knowles and Cornes Pareto-archred
evolution strategy (PAES) [6], andRudolphs[8] elitist GA arewell known.

Zitzler and Thiele [13] suggestedn elitist multi-criterion EA with the conceptof
non-dominationin their strengthParetoEA (SPEA). They suggestednaintainingan
externalpopulationat every generatiorstoringall non-dominatedolutionsdiscovered
so far beginning from the initial population.This external populationparticipatesin
geneticoperations At eachgenerationa combinedpopulationwith the externaland
the currentpopulationis first constructedAll non-dominatedsolutionsin the com-
binedpopulationareassignea fithessbasedn the numberof solutionsthey dominate
anddominatedsolutionsare assigneditnessworsethanthe worst fitnessof any non-
dominatedsolution. This assignmenbf fitnessmakes surethat the searchis directed
towardsthe non-dominatedsolutions.A deterministicclusteringtechniqueis usedto
ensurediversity amongnon-dominatedsolutions.Although the implementationsug-
gestedn [13] is O(mN?), with properbook-keepingthe complexity of SPEAcanbe
reducedo O(mN?2). An importantaspecbf this studyandsubsequergtudieg12,11]
is thatthey clearly shov the importanceof introducingelitism in evolutionary multi-
criterionoptimization.

KnowlesandCorne[6] suggestedsimpleMOEA usinganevolution stratgy (ES).
In their Pareto-archtedES (PAES) with oneparentandonechild, thechild is compared
with respecto theparentlf thechild dominateshe parentthechild is acceptedsthe
next parentandthe iterationcontinues On the otherhand,if the parentdominateghe
child, thechildis discardecandanen mutatedsolution(anew child) is found.However,
if thechild andthe parentdo notdominateeachother, the choicebetweerthechild and
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theparentconsidershesecondbjective of keepingdiversityamongobtainedsolutions.
To maintaindiversity, an archive of non-dominatedgolutionsis maintained.The child

is comparedvith thearchiveto checkif it dominatesany memberof thearchive.If yes,
the child is acceptedhsthe new parentandthe dominatedsolutionis eliminatedfrom

thearchie. If thechild doesnot dominateary memberof the archive, both parentand
child arechecledfor their nearness with the solutionsof thearchive. If thechild resides
in a leastcrowdedregion in the parametespaceamongthe membersf thearchive, it

is acceptedisa parentandacopy of addedo thearchive. Later, they suggestea@ multi-

parentPAES with similar principlesasabove. Authorshave calculatedthe worst case
compleity of PAESfor NV evaluationsasO(am N ), wherea is thearchivelength.Since
the archive sizeis usually chosenproportionalto the populationsize N, the overall

compleity of thealgorithmis O(mN?).

Rudolph[8] suggestedbut did not simulate,a simple elitist multi-objective EA
basedon a systematiccomparisonof individuals from parentand offspring popula-
tions. The non-dominatedolutionsof the offspring populationarecomparedvith that
of parentsolutionsto form an overall non-dominatedetof solutions,which becomes
the parentpopulationof the next iteration.If the sizeof this setis not greaterthanthe
desiredpopulationsize, otherindividualsfrom the offspring populationareincluded.
With this strategyy, he hasbeenableto prove the corvergenceof this algorithmto the
Pareto-optimafront. Althoughthisis animportantachiezementn its own right, theal-
gorithmlacksmotivationfor the secondaskof maintainingdiversity of Pareto-optimal
solutions.An explicit diversity preservingmechanismmustbe addedto make it more
usablein practice.Sincethe determinisnof thefirst non-dominatedront is O(mN?),
the overall complexity of Rudolphsalgorithmis alsoO(mN?).

3 Elitist Non-dominated Sorting Genetic Algorithm (NSGA-I1)

The non-dominatedsorting GA (NSGA) proposedby Srinivasand Deb in 1994 has
beenappliedto variousproblemg10, 7]. Howeverasmentioneckarliertherehave been
anumberof criticismsof the NSGA. In this section we modify the NSGA approachn
orderto alleviateall theabovedifficulties.We begin by presentinganumberof different
modulegthatform partof NSGA-II.

3.1 A fast non-dominated sorting approach

In orderto sorta populationof size N accordingto the level of non-dominationgach
solutionmustbe comparedwith every othersolutionin the populationto find if it is
dominatedThis requiresO(mN) comparisongor eachsolution,wherem is the num-
ber of objectives.Whenthis processs continuedto find the membersof the first non-
dominatedclassfor all populationmembersthe total complexity is O(mN?). At this
stage,all individualsin the first non-dominatedront are found. In orderto find the
individualsin the next front, the solutionsof the first front aretemporarilydiscounted
andtheabove procedurds repeatedln theworstcasethetaskof finding of thesecond
front alsorequiresO(mN?) computationsThe procedures repeatedo find the sub-
sequenfronts. As canbe seenthe worst case(whenthereexists only one solutionin
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eachfront) compleity of thisalgorithmis O(mN?3). In thefollowing we describeafast
non-dominatedortingapproactwhich will requireatmostO(mN?) computations.

First, for eachsolutionwe calculatetwo entities: (i) n;, the numberof solutions
which dominatethe solutionsi, and(ii) S;, a setof solutionswhich the solution: domi-
natesThecalculationof thesetwo entitiesrequiresO (m N ?) comparisonsWe identify
all thosepointswhich have n; = 0 andput themin alist ;. We call F; the current
front. Now, for eachsolutionin the currentfront we visit eachmember(j) in its setS;
andreduceits n; countby one.In doing so, if for ary member; the countbecomes
zero,we putit in a separatdist 7. Whenall membersof the currentfront have been
checled,we declarethe membersn thelist 7/; asmembersf thefirst front. We then
continuethis processisingthe newly identifiedfront H asour currentfront.

Eachsuchiteration requiresO(N) computationsThis processcontinuestill all
frontsareidentified.Sinceat mosttherecanbe NV fronts, the worstcasecomplexity of
thisloopis O(N?). Theoverallcompleity of thealgorithmnow is O(mN?) + O(N?)
orO(mN?).

It is worth mentioningherethat althoughthe computationaburdenhasreduced
from O(mN?) to O(mN?) by performingsystematicbook-keeping,the storagehas
increasedrom O(N) to O(N?) in theworstcase.

The fastnon-dominatedorting procedurenvhich whenappliedon a populationP
returnsa list of the non-dominatedronts F.

fast - nondom nat ed- sort ( P)

for eachp € P
foreachq € P
if (p < q) then if p dominateg; then
Sp =S, U{q} includeg in S,
elseif (¢ < p) then if p is dominatedby ¢ then
np=mnp,+1 incrementn,,
if n, = 0then if nosolutiondominateg then
Fir=F1U{p} p is amemberof thefirst front
1=1
while F; # 0
H=0
for eachp € F; for eachmemberp in F;
for eachg € S, modify eachmemberfrom thesetS,
ng=mng—1 decrement, by one

if ng =0then =HU{q} if ngiszero,qisamemberofalist H
t=1+1
Fi=H currentfront is formedwith all membersof H

3.2 Density Estimation

To getanestimateof the densityof solutionssurroundinga particularpointin the pop-
ulationwe take the averagedistanceof the two pointson eithersideof this point along
eachof the objectives. This quantity4;siance SENESasan estimateof the size of the
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largestcuboidenclosingthe points withoutincludingary otherpointin thepopulation
(we call this the crowding distance). In Figure1, the crowding distanceof the i-th so-
lution in its front (marked with solid circles)is the averageside-lengthof the cuboid
(showvn with a dashedox). The following algorithmis usedto calculatethe crowding

Fig. 1. Thecrowding distancecalculationis shovn.

distanceof eachpointin thesetZ :

crowdi ng- di st ance- assi gnnent ( Z)

I =17] numberof solutionsin 7

for eachi, setZ[i]gistance = 0 initialize distance

for eachobjectvem
7 =sort(Z,m) sortusingeachobjective value
T[] gistance = L[l distance = 00 sothatboundarypointsarealwaysselected
fori=2to(l—1) for all otherpoints

I[i]distance = I[i]distance + (I[Z + l]m - I[Z - 1]m)

Here Z[i].m refersto the m-th objective function value of the i-th individual in
the setZ. The compleity of this procedures governedby the sorting algorithm. In
theworstcase(whenall solutionsarein onefront), thesortingrequiresO(mN log N)
computations.

3.3 Crowded Comparison Operator

The crowded comparisonoperator(>,,) guidesthe selectionprocessat the various
stagesof the algorithm towardsa uniformly spreadout Pareto-optimalfront. Let us
assumehateveryindividual in the populationhastwo attributes.

1. Non-dominatiorrank (i,45%)
2. Local crowding distance(i g;stance)

We now definea partialorder>,, as:
i Zn .7 if (irank < jrank) or ((irank = jrank) and(idistance > jdistance) )
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Thatis, betweentwo solutionswith differing non-dominatiorrankswe preferthe
point with the lower rank. Otherwise,if boththe pointsbelongto the samefront then
we preferthe point which is locatedin a region with lessemumberof points(the size
of thecuboidinclosingit is larger).

34 TheMain Loop

Initially, a randomparentpopulationP, is created.The populationis sortedbasedon

the non-domination Each solutionis assigneda fitnessequalto its non-domination
level (1 is thebestlevel). Thus,minimizationof fithessis assumedBinary tournament
selectionrecombinationand mutationoperatorsare usedto createa child population
Qo of size N. Fromthefirst generatioronward, the proceduras different. The elitism

procedurdor ¢t > 1 andfor a particulargeneratioris shovn in thefollowing:

R, =P UQ; combineparentandchildrenpopulation
F =fast-nondom nat ed-sort ( Ry) F = (F1, Fa,...), al non-dominated
frontsof R,
until [Pyy1| < N till the parentpopulationis filled
crowdi ng- di st ance-assi gnnent ( F;) calculatecrowding distancan F;
Py =Py UF includei-th non-dominatedront in the parentpop
SortPry1,>5) sortin descendingrderusing>,,
Piy1 = Py1[0: N] chooséhefirst N elementof P44
Q:+1 =make- new pop( P.y1)  useselection,crosserandmutationto create
t=t+1 anew populationQ;1

First,a combinedpopulationR; = P; U ); is formed.The populationR; will be
of size2N. Then,the populationR; is sortedaccordingto non-dominationThe new
parentpopulationP,; is formedby addingsolutionsfrom the first front till the size
exceedsN. Thereafterthe solutionsof the last acceptedront are sortedaccordingto
>, andthefirst N pointsarepicked. Thisis how we constructthe populationP;; of
size N. This populationof size N is now usedfor selectioncross@er andmutationto
createa new populationQ;,1 of size N. It is importantto note that we usea binary
tournamentselectionoperatorbut the selectioncriterion is now basedon the niched
comparisoroperator>,,.

Let us now look at the compleity of oneiteration of the entire algorithm. The
basicoperationdeing performedandthe worst casecomplexities associatedvith are
asfollows:

1. Non-dominategortis O(mN?),
2. Crowdingdistanceassignmenis O(mN log N), and
3. Sorton>,, is O(2N log(2N)).

As canbeseentheoverall compleity of theabove algorithmis O(mN?2).
Thediversityamongnon-dominatedolutionsis introducedby usingthe crowding

comparisomproceduravhichis usedin thetournamenselectiorandduringthepopula-

tion reductionphase Sincesolutionscompetewith their crowding distance(a measure



FastElitist NSGA 7

of densityof solutionsin theneighborhood)no extra nichingparametefsuchasoghare
neededn the NSGA) is requiredhere.Althoughthe crowding distanceis calculatedn
the objective function spacejt canalsobeimplementedn the parametespacejf so
desired1].

It is interestingto note herethe connectionof this algorithmwith the algorithm
proposedby Rudolph[8]. Sincethe non-dominatedront finding algorithm usedin
Rudolphs algorithmis O(mN?) for eachfront, Rudolphcontrol's the complexity of
his algorithmby working with just the first few frontsin the parentandthe child pop-
ulationsandtreatingthe restof theindividualsin the child populationat par. With the
availability of a fastnon-dominatiorsortingalgorithmwe cannow afford to combine
the parentand child populationsanddo a completesortto identify all the fronts and
allocatefitnessaccordingly

4 Results

We compareNSGA-II with PAES on five testproblems(minimization of both objec-
tives):

2
fi@) =1-exp(-XL, (51— ) ) ~4<z1,22,05 <4
MOP2: (1)

2
h(@) =1-exp (- Y, (i + %)

fi(z) = [1 + (41 - 31)2 + (A2 — B2)2] )
fo(x) = [(x +3)* + (y + 1)°]

Ay =0.58in1 —2cosl +sin2 — 1.5cos2

Ay =1.58inl —cosl+ 2sin2 — 0.5 cos 2

By =0.5sinx —2cosx +siny — 1.5cosy
By =1.5sinx — cosxz + 2siny — 0.5cosy

filz) = EZ:_II (_10exp f0.2, [z2 + $?+1)) -5 < z1,39,73 < 5(
fo(x) = 300, (|2:|*® + 5sin(z)?)

) fl(:c)::cl OS.’IHS].

{ )=9

(1_\/3;) —5<@2,...,710 <5 (4)

10
where g(xz) =91+ Z (z7 — 10 cos(4nz;))

MOPS:{

where

MOP4:{ 3)

i=2
| fix) =1 —exp(—4x;)sin®(67z1) 0<z; <1 i=1,...,10
zos{ 0 ot o) ©

1o 0.25
where g(z)=1+9 (Z a:z/9>
=2

Since the diversity amongoptimized solutionsis an important matterin multi-
objective optimization,we devise a measurdasedn the consecutie distanceamong
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the solutionsof the bestnon-dominatedront in the final population.The obtainedset
of thefirst non-dominatedolutionsare comparedwith a uniform distribution andthe
deviation is computedasfollows:

| F1l =

|d; — d|
A= . 6
2 7] ©

In orderto ensurethatthis calculationtakesinto accounthe spreadof solutionsin the
entireregion of thetruefront, we includethe boundarysolutionsin thenon-dominated
front F;. For discretePareto-optimalfronts, we calculatea weightedaverageof the
above metricfor eachof thediscreteregions.In theabove equationd; is the Euclidean
distancebetweertwo consecutie solutionsin thefirst non-dominatedront of thefinal
populationin the objective function space.The parameterd is the averageof these
distances.

Thedeviation measureA of theseconsecutie distancess thencalculatedor each
run. An averageof thesedeviationsover 10 runsis calculatedasthe measurgA) for
comparingdifferentalgorithms.Thus, it is clearthatan algorithmhaving a smallerA
is better in termsof its ability to widely spreadsolutionsin the obtainedfront.

For all testproblemsandwith NSGA-II, we useapopulationof size100,acrosswer
probability of 0.8, a mutationprobability of 1/n (wheren is the numberof variables).
We run NSGA-II for 250 generationsThe variablesare treatedas real numbersand
thesimulatedbinary cross@er (SBX) [2] andthereal-parametemutationoperatorare
used.For the (1+1)-FAES, we have usedan archive size of 100 and depthof 4 [6].
A mutationprobability of 0.01 is used.In orderto make the comparisongair, we have
used25,000iterationsin PAES, sothattotal numberof functionevaluationdn NSGA-II
andin PAES arethesame.

Table 1 shaws the deviation from an ideal (uniform) spread(A) andits variance
in 10 independentuns obtainedusing NSGA-Il and PAES. We shav two columns
for eachtestproblem.Thefirst columnpresentshe A valueof 10 runsandthe second
columnshawsits variancelt is clearfrom thetablethatin all five testproblemsNSGA-
Il hasfound muchsmaller A, meaningthat NSGA-II is ableto find a distribution of
solutionscloserto a uniform distribution alongthe non-dominatedront. The variance
columnssuggesthatthe obtainedA valuesareconsistentn all 10 runs.

Table 1. Comparisorof meanandvarianceof deviation measureA obtainedusingNSGA-II and
PAES

Algorithm MOP2 MOP3 MOP4 EC4 EC6
NSGA-110.3610.000680.4450.000430.3810.001640.3830.000990.3650.01613
PAES (1.6090.006711.3410.00495%1.087%0.006871.5630.057231.1950.05151

In orderto haveabetterunderstandingf how thesealgorithmsareableto spreadso-
lutions over the non-dominatedront, we presenthe entirenon-dominatedront found
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by NSGA-II andPAES in two of the above five testproblems.Figures2 and3 showv
thatNSGA-II is ableto find a muchbetterdistribution thanPAES on MOP4.

In EC4,cornvergingto theglobal Pareto-optimafront is a difficult task.As reported
elsavhere[11], SPEA corvergedto a front with ¢ = 4.0 in at leastone out of five
differentruns.With NSGA-II, we find a front with g = 3.5 in oneout of five different

° *‘%% NSGAHl  + 0 § PAES  +
t& "\
2 %% 2 £§
t"h -
4 ey N 4 s
A 4
% "
N6 kY N6 %
% .
Al y . s v N
hS *
% ;
10k LY -10
nm .
-12 - - - - L -12 - - - - -
-20 -19 -18 -17 -16 -15 -14 -20 -19 -18 -17 -16 -15 -14
f1 f1
Fig. 2. Non-dominatedolutionsobtainedus- Fig. 3. Non-dominatedsolutionsobtainedus-
ing NSGA-1l on MOP4. ing PAES on MOP4.
runs.

Figure4 shavsthenon-dominatedolutionsobtainedusingNSGA-I1 andPAES for
EC6.0nceagain,it is clearthatthe NSGA-II is ableto betterdistribute its population
alongthe obtainedfront thanPAES. It is worth mentioningherethatwith similar num-
ber of function evaluations,SPEA, asreportedin [11], hadfound only five different
solutionsin thenon-dominatedront.

5 Conclusions

In this paperwe have proposeda computationallyfastelitist multi-objective evolution-

ary algorithmbasedon non-dominatedortingapproachOn five difficult testproblems
borrovedfrom theliterature,it hasbeenfoundthattheproposedNSGA-II outperforms
PAES—anothemulti-objective EA with the explicit goal of preservingspreadon the

non-dominatedront. With the propertief afastnon-dominatedgortingprocedurean

elitist stratgy, anda parameterlesapproachNSGA-II shouldfind increasingattention
andapplicationdn the nearfuture.
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