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Abstract. Multi-objectiveevolutionaryalgorithmswhichusenon-dominatedsort-
ing andsharinghave beenmainly criticizedfor their (i) �������
	�� computational
complexity (where � is thenumberof objectivesand � is thepopulationsize),
(ii) non-elitismapproach,and(iii) theneedfor specifyingasharingparameter. In
this paper, we suggesta non-dominatedsortingbasedmulti-objective evolution-
aryalgorithm(wecalledit theNon-dominatedSortingGA-II or NSGA-II) which
alleviatesall theabove threedifficulties.Specifically, a fastnon-dominatedsort-
ing approachwith ��������
�� computationalcomplexity is presented.Second,a
selectionoperatoris presentedwhich createsa mating pool by combiningthe
parentandchild populationsandselectingthe best(with respectto fitnessand
spread)� solutions.Simulationresultson five difficult testproblemsshow that
theproposedNSGA-II is ableto find muchbetterspreadof solutionsin all prob-
lemscomparedto PAES—anotherelitist multi-objective EA which paysspecial
attentiontowardscreatinga diversePareto-optimalfront. Becauseof NSGA-II’s
low computationalrequirements,elitist approach,andparameter-lesssharingap-
proach,NSGA-II shouldfind increasingapplicationsin theyearsto come.

1 Introduction

Over the pastdecade,a numberof multi-objective evolutionaryalgorithms(MOEAs)
have beensuggested[9, 3,5,13]. The primary reasonfor this is their ability to find
multiple Pareto-optimalsolutionsin onesinglerun. Sincethe principal reasonwhy a
problemhasa multi-objective formulationis becauseit is not possibleto have a single
solutionwhich simultaneouslyoptimizesall objectives,analgorithmthatgivesa large
numberof alternative solutionslying on or nearthe Pareto-optimalfront is of great
practicalvalue.

TheNon-dominatedSortingGeneticAlgorithm (NSGA) proposedin Srinivasand
Deb [9] was oneof the first suchevolutionary algorithms.Over the years,the main
criticismof theNSGA approachhavebeenasfollows:

High computational complexity of non-dominated sorting: Thenon-dominatedsort-
ing algorithmin useuptil now is ����������� which in caseof largepopulationsizes
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is very expensive,especiallysincethepopulationneedsto besortedin every gen-
eration.

Lack of elitism: Recentresults[12,8] show clearly thatelitism canspeedup theper-
formanceof theGA significantly, alsoit helpsto preventthelossof goodsolutions
oncethey havebeenfound.

Need for specifying the sharing parameter �������� "! : Traditionalmechanismsof insur-
ing diversityin apopulationsoasto getawidevarietyof equivalentsolutionshave
reliedheavily on theconceptof sharing.Themainproblemwith sharingis that it
requiresthe specificationof a sharingparameter( � ������ #! ). Thoughtherehasbeen
somework on dynamicsizingof thesharingparameter[4], a parameterlessdiver-
sity preservationmechanismis desirable.

In thispaper, weaddressall of theseissuesandproposeamuchimprovedversionof
NSGAwhichwecall NSGA-II. Fromthesimulationresultsonanumberof difficult test
problems,wefind thatNSGA-II hasabetterspreadin itsoptimizedsolutionsthanPAES
[6]—anotherelitist multi-objectiveevolutionaryalgorithm.Theseresultsencouragethe
applicationof NSGA-II to morecomplex andreal-world multi-objective optimization
problems.

2 Elitist Multi-Objective Evolutionary Algorithms

In thestudyof Zitzler, Deb,andTheile [12], it wasclearlyshown thatelitism helpsin
achieving betterconvergencein MOEAs. Among the existing elitist MOEAs, Zitzler
andThiele’s [13] strengthParetoEA (SPEA),Knowles andCorne’s Pareto-archived
evolutionstrategy (PAES) [6], andRudolph’s [8] elitist GA arewell known.

Zitzler andThiele [13] suggestedan elitist multi-criterion EA with the conceptof
non-dominationin their strengthParetoEA (SPEA).They suggestedmaintainingan
externalpopulationat everygenerationstoringall non-dominatedsolutionsdiscovered
so far beginning from the initial population.This external populationparticipatesin
geneticoperations.At eachgeneration,a combinedpopulationwith the externaland
the currentpopulationis first constructed.All non-dominatedsolutionsin the com-
binedpopulationareassignedafitnessbasedonthenumberof solutionsthey dominate
anddominatedsolutionsareassignedfitnessworsethanthe worst fitnessof any non-
dominatedsolution.This assignmentof fitnessmakessurethat the searchis directed
towardsthe non-dominatedsolutions.A deterministicclusteringtechniqueis usedto
ensurediversity amongnon-dominatedsolutions.Although the implementationsug-
gestedin [13] is ����������� , with properbook-keepingthecomplexity of SPEAcanbe
reducedto ���$�%��&'� . An importantaspectof thisstudyandsubsequentstudies[12,11]
is that they clearly show the importanceof introducingelitism in evolutionarymulti-
criterionoptimization.

KnowlesandCorne[6] suggestedasimpleMOEA usinganevolutionstrategy (ES).
In theirPareto-archivedES(PAES)with oneparentandonechild, thechild is compared
with respectto theparent.If thechild dominatestheparent,thechild is acceptedasthe
next parentandthe iterationcontinues.On theotherhand,if theparentdominatesthe
child, thechild is discardedandanew mutatedsolution(anew child) is found.However,
if thechild andtheparentdonotdominateeachother, thechoicebetweenthechild and
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theparentconsidersthesecondobjectiveof keepingdiversityamongobtainedsolutions.
To maintaindiversity, anarchive of non-dominatedsolutionsis maintained.Thechild
is comparedwith thearchiveto checkif it dominatesany memberof thearchive.If yes,
thechild is acceptedasthenew parentandthedominatedsolutionis eliminatedfrom
thearchive.If thechild doesnot dominateany memberof thearchive,bothparentand
child arecheckedfor theirnearness with thesolutionsof thearchive.If thechild resides
in a leastcrowdedregion in theparameterspaceamongthemembersof thearchive, it
is acceptedasaparentandacopy of addedto thearchive.Later, they suggestedamulti-
parentPAES with similar principlesasabove.Authorshave calculatedtheworst case
complexity of PAESfor � evaluationsas ���$()���*� , where( is thearchivelength.Since
the archive size is usually chosenproportionalto the populationsize � , the overall
complexity of thealgorithmis ��������&'� .

Rudolph[8] suggested,but did not simulate,a simple elitist multi-objective EA
basedon a systematiccomparisonof individuals from parentand offspring popula-
tions.Thenon-dominatedsolutionsof theoffspringpopulationarecomparedwith that
of parentsolutionsto form anoverall non-dominatedsetof solutions,which becomes
theparentpopulationof thenext iteration.If thesizeof this setis not greaterthanthe
desiredpopulationsize,other individualsfrom the offspring populationareincluded.
With this strategy, he hasbeenableto prove the convergenceof this algorithmto the
Pareto-optimalfront. Althoughthis is animportantachievementin its own right, theal-
gorithmlacksmotivationfor thesecondtaskof maintainingdiversityof Pareto-optimal
solutions.An explicit diversitypreservingmechanismmustbeaddedto make it more
usablein practice.Sincethedeterminismof thefirst non-dominatedfront is ������� & � ,
theoverall complexity of Rudolph’salgorithmis also ��������&'� .
3 Elitist Non-dominated Sorting Genetic Algorithm (NSGA-II)

The non-dominatedsorting GA (NSGA) proposedby SrinivasandDeb in 1994has
beenappliedto variousproblems[10,7]. Howeverasmentionedearliertherehavebeen
anumberof criticismsof theNSGA.In thissection,wemodify theNSGAapproachin
orderto alleviateall theabovedifficulties.Webeginby presentinganumberof different
modulesthatform partof NSGA-II.

3.1 A fast non-dominated sorting approach

In orderto sorta populationof size � accordingto the level of non-domination,each
solutionmustbe comparedwith every othersolutionin the populationto find if it is
dominated.This requires���$�%�+� comparisonsfor eachsolution,where� is thenum-
berof objectives.Whenthis processis continuedto find themembersof thefirst non-
dominatedclassfor all populationmembers,the total complexity is ���$�%��&�� . At this
stage,all individuals in the first non-dominatedfront are found. In order to find the
individualsin thenext front, thesolutionsof thefirst front aretemporarilydiscounted
andtheaboveprocedureis repeated.In theworstcase,thetaskof findingof thesecond
front alsorequires��������&�� computations.Theprocedureis repeatedto find thesub-
sequentfronts.As canbe seenthe worst case(whenthereexists only onesolutionin
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eachfront) complexity of thisalgorithmis ���$�%���'� . In thefollowingwedescribeafast
non-dominatedsortingapproachwhich will requireat most ��������&�� computations.

First, for eachsolution we calculatetwo entities:(i) ,.- , the numberof solutions
which dominatethesolution / , and(ii) 0 - , a setof solutionswhich thesolution / domi-
nates.Thecalculationof thesetwo entitiesrequires���$�%��&�� comparisons.Weidentify
all thosepointswhich have , -2143 andput themin a list 576 . We call 576 the current
front. Now, for eachsolutionin thecurrentfront we visit eachmember(8 ) in its set 0 -
andreduceits ,:9 countby one.In doing so, if for any member8 the countbecomes
zero,we put it in a separatelist ; . Whenall membersof the currentfront have been
checked,we declarethemembersin the list 5 6 asmembersof thefirst front. We then
continuethisprocessusingthenewly identifiedfront ; asourcurrentfront.

Eachsuch iteration requires ���<�*� computations.This processcontinuestill all
frontsareidentified.Sinceat mosttherecanbe � fronts,theworstcasecomplexity of
this loop is ���$��&�� . Theoverallcomplexity of thealgorithmnow is ���$�%�*&'�>=����<��&��
or ��������&'� .

It is worth mentioningherethat althoughthe computationalburdenhasreduced
from ���������'� to ���$�%�*&�� by performingsystematicbook-keeping,the storagehas
increasedfrom ���$�*� to ���<��&'� in theworstcase.

The fastnon-dominatedsortingprocedurewhich whenappliedon a population?
returnsa list of thenon-dominatedfronts 5 .

fast-nondominated-sort( ? )
for each@BA�?

for eachC
A�?
if �D@BEFCG� then if @ dominatesC then0:H 1 0:HJI*K'C)L include C in 0�H
elseif �$C
E+@:� then if @ is dominatedby C then,:H 1 ,:H2=NM increment,:H

if ,:H 1N3 then if no solutiondominates@ then5 6 1 5 6 I*K#@.L @ is amemberof thefirst front/ 1 M
while 5 -PO1RQ; 1SQ

for each@BA�5 - for eachmember@ in 5 -
for eachC
A�0 H modify eachmemberfrom theset 0 H,UT 1 ,UTWVFM decrement,UT by one

if ,UT 1R3 then ; 1 ;XI�K�C)L if ,UT is zero, C is a memberof a list ;/ 1 /Y=RM5Z- 1 ; currentfront is formedwith all membersof ;
3.2 Density Estimation

To getanestimateof thedensityof solutionssurroundinga particularpoint in thepop-
ulationwe take theaveragedistanceof thetwo pointson eithersideof this point along
eachof the objectives.This quantity /�["- �]\$�_^a`b! servesasan estimateof the sizeof the
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largestcuboidenclosingthepoint / without includingany otherpoint in thepopulation
(we call this thecrowding distance). In Figure1, thecrowding distanceof the / -th so-
lution in its front (marked with solid circles) is the averageside-lengthof the cuboid
(shown with a dashedbox).Thefollowing algorithmis usedto calculatethecrowding
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f

f

1

2

i
i-1

i+1

0

l

Fig. 1. Thecrowding distancecalculationis shown.

distanceof eachpoint in thesetc :

crowding-distance-assignment( c )d 1fe c e numberof solutionsin c
for each/ , setc2g /ih�["- �]\$�_^a`b! 1N3 initialize distance
for eachobjective �c = sort(cJjk�B� sortusingeachobjectivevaluecZglM_h�["- �]\$��^a`b! = cZg d h�["- �b\$��^a`b! = m sothatboundarypointsarealwaysselected

for / 1Sn to � d VFM�� for all otherpointscZg /<h ["- �]\$��^a`b! = cZg /ih ["- �]\$��^a`b! + �lcZg /Y=RM_h]o �4V�cZg /pVqM_h]o ���
Here cZg /ihio � refersto the � -th objective function value of the / -th individual in

the set c . The complexity of this procedureis governedby the sortingalgorithm.In
theworstcase(whenall solutionsarein onefront), thesortingrequires�������srutavw�+�
computations.

3.3 Crowded Comparison Operator

The crowded comparisonoperator( x ^ ) guidesthe selectionprocessat the various
stagesof the algorithm towardsa uniformly spreadout Pareto-optimalfront. Let us
assumethatevery individual / in thepopulationhastwo attributes.

1. Non-dominationrank( /  #�_^ay )
2. Local crowdingdistance( /�["- �]\$��^a`b! )

We now definea partialorder x ^ as:/zx ^ 8 if ( /  #��^{y}| 8  #��^{y ) or (( /  "��^ay = 8  #��^{y ) and( /�["- �]\$��^a`b!2~ 8�["- �]\$��^a`b! ) )
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That is, betweentwo solutionswith differing non-dominationrankswe preferthe
point with the lower rank.Otherwise,if both the pointsbelongto the samefront then
we preferthepoint which is locatedin a region with lessernumberof points(thesize
of thecuboidinclosingit is larger).

3.4 The Main Loop

Initially, a randomparentpopulation?p� is created.Thepopulationis sortedbasedon
the non-domination.Eachsolution is assigneda fitnessequalto its non-domination
level (1 is thebestlevel). Thus,minimizationof fitnessis assumed.Binary tournament
selection,recombination,andmutationoperatorsareusedto createa child population� � of size � . Fromthefirst generationonward,theprocedureis different.Theelitism
procedurefor ��x�M andfor a particulargenerationis shown in thefollowing:� \ 1 ?p\YI � \ combineparentandchildrenpopulation5 1 fast-nondominated-sort(

� \ ) 5 1 �$576�jk5 & j�o�o�o�� , all non-dominated
frontsof

� \
until e ?U\���6 e | � till theparentpopulationis filled
crowding-distance-assignment( 5 - ) calculatecrowdingdistancein 5 -?p\��p6 1 ?U\��p6zI�5 - include / -th non-dominatedfront in theparentpop

Sort(? \��p6 j�x ^ ) sortin descendingorderusing x ^? \��p6 1 ? \��p6 g 3�� ��h choosethefirst N elementsof ? \��p6� \��p6 = make-new-pop( ? \��p6 ) useselection,crossoverandmutationto create� 1 ��=RM a new population
� \��p6

First, a combinedpopulation
� \ 1 ?p\pI � \ is formed.Thepopulation

� \ will be
of size n � . Then,the population

� \ is sortedaccordingto non-domination.The new
parentpopulation ?U\���6 is formedby addingsolutionsfrom the first front till the size
exceeds� . Thereafter, the solutionsof the last acceptedfront aresortedaccordingtoxZ^ andthefirst � pointsarepicked.This is how we constructthepopulation?p\��p6 of
size � . This populationof size � is now usedfor selection,crossoverandmutationto
createa new population

� \��p6 of size � . It is importantto notethat we usea binary
tournamentselectionoperatorbut the selectioncriterion is now basedon the niched
comparisonoperatorx ^ .

Let us now look at the complexity of one iteration of the entire algorithm.The
basicoperationsbeingperformedandthe worstcasecomplexities associatedwith are
asfollows:

1. Non-dominatedsortis ���$�%�*&'� ,
2. Crowdingdistanceassignmentis �������srlt{vw�*� , and
3. Sorton x ^ is ��� n ��rlt{v�� n �*�k� .

As canbeseen,theoverall complexity of theabovealgorithmis ��������&'� .
Thediversityamongnon-dominatedsolutionsis introducedby usingthecrowding

comparisonprocedurewhich is usedin thetournamentselectionandduringthepopula-
tion reductionphase.Sincesolutionscompetewith their crowdingdistance(a measure
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of densityof solutionsin theneighborhood),noextranichingparameter(suchas �������#���
neededin theNSGA) is requiredhere.Althoughthecrowdingdistanceis calculatedin
the objective function space,it canalsobe implementedin the parameterspace,if so
desired[1].

It is interestingto note herethe connectionof this algorithm with the algorithm
proposedby Rudolph[8]. Since the non-dominatedfront finding algorithm usedin
Rudolph’s algorithmis ��������&'� for eachfront, Rudolphcontrol’s the complexity of
his algorithmby working with just thefirst few fronts in theparentandthechild pop-
ulationsandtreatingtherestof the individualsin thechild populationat par. With the
availability of a fastnon-dominationsortingalgorithmwe cannow afford to combine
the parentandchild populationsanddo a completesort to identify all the fronts and
allocatefitnessaccordingly.

4 Results

We compareNSGA-II with PAES on five testproblems(minimizationof bothobjec-
tives):

MOP2:

���� ���w� 6 �$�z� 1 MJV+�������.V�� ^-l� 62 �¡ -UV 6¢ ^.£ &�¤ VJ¥�¦ ¡ 6 j ¡ & j ¡ � ¦q¥� & �$�z� 1 MJV+����� � V � ^-l� 6   ¡ - = 6¢ ^.£ & ¤ (1)

MOP3: § � 6 �<�z� 1©¨ M�=ª�$« 6 V­¬ 6 � & =ª�$« & V®¬ & � &_¯� & �<�z� 1 ¨ � ¡ =±°)��&�=ª��²³=NM���& ¯ (2)

where

« 6 1N3 o�´¶µ¸·l¹�MJV n¶º t)µYM�=±µ¸·u¹ n VFM{o ´ º t{µ n« & 1 Mao�´¶µ¸·l¹�MJV º t)µ�M�= n µk·u¹ n V 3 o ´ º t{µ n¬³6 1R3 o ´¶µ¸·u¹ ¡ V n¶º t{µ ¡ =»µ¸·l¹J²¼VFM{o ´ º t{µ�²¬ & 1 M{o ´¶µ¸·u¹ ¡ V º t{µ ¡ = n µ¸·l¹P²¼V 3 o ´ º t{µ�²
MOP4: ½ � 6 �<�z� 1 � ^�¾�6-l� 6   V³M 3 �����   V 3 o nÀ¿ ¡ &- = ¡ &- �p6 £�£ V2´¼¦ ¡ 6 j ¡ & j ¡ � ¦Á´� & �<�z� 1ª� ^-l� 6PÂ e ¡ - e ��Ã Ä =F´¶µ¸·l¹p� ¡ -]���'Å (3)

EC4: ½ � 6��<�z� 1 ¡ 6 3 ¦ ¡ 6Æ¦�M� & �<�z� 1qÇ   MJV ¿ È�ÉÊ £ V2´¼¦ ¡ & j�o�o�o_j ¡ 6��}¦Á´ (4)

where Ç �<�z� 1RË Mz= 6��Ì -u� & Â$¡ &- VqM 3zº t{µ_�$¥aÍ ¡ - �¸Å
EC6: § � 6 �$�z� 1 MJV+�����p��VJ¥ ¡ 6 �>µ¸·u¹�Îa�<ÏGÍ ¡ 6 � 3 ¦ ¡ -z¦SMÐ/ 1 M{j�o�o�o_j�M 3� & �$�z� 1NÇ Â MJVÁ� � 6�Ñ Ç ��&'Å (5)

where Ç �<�z� 1 M�= ËÓÒ 6��Ì -u� & ¡ - Ñ ËaÔ ��Ã &#Õ
Since the diversity amongoptimized solutionsis an important matter in multi-

objectiveoptimization,wedevisea measurebasedon theconsecutivedistancesamong
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thesolutionsof thebestnon-dominatedfront in thefinal population.Theobtainedset
of thefirst non-dominatedsolutionsarecomparedwith a uniform distribution andthe
deviation is computedasfollows: Ö 1Ø× Ù É ×Ì -u� 6 e Ú)- VÜÛÚ:ee 5 6 e o (6)

In orderto ensurethat this calculationtakesinto accountthespreadof solutionsin the
entireregionof thetruefront, we includetheboundarysolutionsin thenon-dominated
front 5 6 . For discretePareto-optimalfronts, we calculatea weightedaverageof the
abovemetricfor eachof thediscreteregions.In theaboveequation,Ú - is theEuclidean
distancebetweentwo consecutivesolutionsin thefirst non-dominatedfront of thefinal
populationin the objective function space.The parameter ÛÚ is the averageof these
distances.

Thedeviation measure

Ö
of theseconsecutivedistancesis thencalculatedfor each

run. An averageof thesedeviationsover 10 runsis calculatedasthe measure(

Ö
) for

comparingdifferentalgorithms.Thus,it is clearthatanalgorithmhaving a smaller

Ö
is better, in termsof its ability to widely spreadsolutionsin theobtainedfront.

Forall testproblemsandwith NSGA-II, weuseapopulationof size100,acrossover
probabilityof 0.8,a mutationprobabilityof M Ñ , (where , is thenumberof variables).
We run NSGA-II for 250 generations.The variablesare treatedasreal numbersand
thesimulatedbinarycrossover (SBX) [2] andthereal-parametermutationoperatorare
used.For the (1+1)-PAES, we have usedan archive sizeof 100 anddepthof 4 [6].
A mutationprobabilityof 3 o 3 M is used.In orderto make thecomparisonsfair, we have
used25,000iterationsin PAES,sothattotalnumberof functionevaluationsin NSGA-II
andin PAES arethesame.

Table1 shows the deviation from an ideal (uniform) spread(

Ö
) and its variance

in 10 independentruns obtainedusing NSGA-II and PAES. We show two columns
for eachtestproblem.Thefirst columnpresentsthe

Ö
valueof 10 runsandthesecond

columnshowsits variance.It is clearfrom thetablethatin all fivetestproblemsNSGA-
II hasfound muchsmaller

Ö
, meaningthat NSGA-II is ableto find a distribution of

solutionscloserto a uniform distribution alongthenon-dominatedfront. Thevariance
columnssuggestthattheobtained

Ö
valuesareconsistentin all 10 runs.

Table 1. Comparisonof meanandvarianceof deviationmeasureÝ obtainedusingNSGA-II and
PAES

Algorithm MOP2 MOP3 MOP4 EC4 EC6
NSGA-II 0.3610.000680.4450.000430.3870.001640.3830.000990.3650.01613

PAES 1.6090.006711.3410.004951.0870.006871.5630.057231.1950.05151

In orderto haveabetterunderstandingof how thesealgorithmsareableto spreadso-
lutionsover thenon-dominatedfront, we presenttheentirenon-dominatedfront found
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by NSGA-II andPAES in two of the above five testproblems.Figures2 and3 show
thatNSGA-II is ableto find a muchbetterdistribution thanPAES on MOP4.

In EC4,convergingto theglobalPareto-optimalfront is adifficult task.As reported
elsewhere[11], SPEAconvergedto a front with ÇS1 ¥�o 3 in at leastoneout of five
differentruns.With NSGA-II, we find a front with Ç�1 °Ào�´ in oneout of five different
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Fig. 2. Non-dominatedsolutionsobtainedus-
ing NSGA-II onMOP4.
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Fig. 3. Non-dominatedsolutionsobtainedus-
ing PAESon MOP4.

runs.
Figure4 showsthenon-dominatedsolutionsobtainedusingNSGA-II andPAESfor

EC6.Onceagain,it is clearthat theNSGA-II is ableto betterdistributeits population
alongtheobtainedfront thanPAES. It is worth mentioningherethatwith similar num-
ber of function evaluations,SPEA,asreportedin [11], had found only five different
solutionsin thenon-dominatedfront.

5 Conclusions

In thispaper, wehaveproposedacomputationallyfastelitist multi-objectiveevolution-
aryalgorithmbasedonnon-dominatedsortingapproach.Onfivedifficult testproblems
borrowedfrom theliterature,it hasbeenfoundthattheproposedNSGA-II outperforms
PAES—anothermulti-objective EA with the explicit goal of preservingspreadon the
non-dominatedfront. With thepropertiesof a fastnon-dominatedsortingprocedure,an
elitist strategy, andaparameterlessapproach,NSGA-II shouldfind increasingattention
andapplicationsin thenearfuture.
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