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Abstract

This paperaddresseghe problemof reconstructinghe
densityof a scendrommultiple projectionimagesproduced
by modalitiessud asx-ray, electon microscopyetc. whee
an image valueis relatedto the integral of the sceneden-
sity along a 3D line sggmentbetweena radiation souice
anda pointon theimage plane While computedomayra-
phy(CT) addresseshis problemwhentheabsoluteorienta-
tion of theimage planeandradiation souice directionsare
known this paperaddresseshe problemwhenthe orienta-
tionsare unknown- it is akin to the structue-from-motion
(SFM) problemwhenthe extrinsic camen parametes are
unknown We studythe problemwithin the context of recon-
structing the densityof protein macio-moleculesn Cryo-
genic Election Microscopy(cryo-EM), whee images are
very noisy and existing techniguesuse several thousands
of images. In a non-dgenerte con guration, the viewing
planescorrespondingo two projections,intersectin a line
in 3D. Usingthe geometryof the imaging setup,it is possi-
ble to determinethe projectionsof this 3D line on the two
image planes.In turn, the problemcan be formulatedas a
type of orthographic structue from motion from line cor-
respondencewhele theline correspondencelsetweertwo
views are unreliable dueto image noise We formulatethe
taskas the problemof denoisinga correspondencenatrix
andpresenta Bayesiarsolutionto it. Subsequent|yheab-
soluteorientationof eat projectionis determinedollowed
by densityreconstruction\We showresultson cryo-EMim-
agesof proteinsand compae our resultsto that of Electron
Micrograph Analysis(EMAN)-a widely usedreconstruc-
tion tool in cryo-EM.

1. Intr oduction

While theintensityin a photographs relatedto thelight
(radiance)e ected from surfacesin a scene the intensity

Figure 1. The rst column shaws the top and side views of a

macro-moleculealledGroEL producedrom a11.5A reconstruc-
tion [17] in a publicly available Molecular StructureDatabase.
The middle column shavs the initial model estimatedusing

EMAN [16] — A widely usedtool in cryo-EM. The right column

shaws the initial model estimatedusing our method. The same
datasetvasusedto generatéhetwo initial models.

atapointin animageproducedyy modalitiessuchasx-ray,
electronmicroscop, etc. arerelatedto the integral of the
scenedensityalonga 3D line sggmentbetweena radiation
sourceand a point on the detector(image plane). Com-
puted Tomograply (CT) is a techniquefor reconstructing
the 3D densityfrom a collection of 2D images(aka pro-
jections)takenwith aknown relationbetweertheradiation
source/imagelaneandthe scene. This is akin to 3D re-
constructionfrom multiple photographsvhen the camera
geometryis knowvn (multi-view stereo).

In this paper we considetthe problemof 3D densityre-
constructiorwhenthe relationsbetweenthe views areun-
known This is analogougo the problemof structureand
motion estimationfrom photographsvith unknavn view-
points. However the image formation processis differ-
ent, and in turn this leadsto different types of features



andconstraintghantraditionallyencountereth SFM prob-

lems. Furthermorewe considerthis problemwithin the

contet of cryo-EMreconstructiomf macro-moleculesand
at this resolution,imagesarevery noisy comparedo pho-

tographstypically usedfor SFM. Considerthe imagesin

Fig. 2.(a,b)of aproteinmacro-moleculeUnlike SFM from

photographsit is clearly not possibleto identify points
acrosstheseimagesthat correspondto the projection of

a commonpoint in 3D, nor is it possibleto extract out

of imagesmore comple features(e.g., lines, conics or

othercurves)and establishcorrespondencbetweenthem.
Thoughnot obviousa priori, it is possibleto determinebe-

tweenevery pair of 2D imagesa singleline in eachimage
which is the projectionof a 3D line [3]. Hence the essen-
tial challengeis bothto identify thesepairsof linesin im-

agesandto usetheselinesto estimatethe absolute3D ori-

entationsof the imageplanes. Onceestimatedcomputed
tomograply is usedfor 3D densityreconstruction.Iln ad-

dition, to achieve a desiredresolution(< 10A) in spite of

the noise,researcherssebetweenl,000and 100,000pro-

jections,abouttwo ordersof magnitudemoreimagesthan
typically usedin conventionalSFM problems.

Cryo-ElectronMicroscopy (cryo-EM) is an emeging
techniquein structuralbiology for 3D structure(density)
estimationof a specimemreseredin vitreousice. Unlike
tomograply wherea large numberof imagesof a specimen
can be acquired,the numberof imagesof a specimenin
cryo-EM is limited becausef radiationdamage.In cryo-
EM, the specimenconsistsof identical copiesof the same
proteinmacro-moleculepreseredatrandomandunknovn
3D orientationsn ice. Dueto largernumberof unknovnsin
cryo-EM ascomparedo tomograply, the problemis more
challengingandcallsfor a differentsetof techniques.

Oneof theadwantage®f cyro-EM overthemorewidely
usedtechniqueof X-ray crystallograph is that it deter
minesthe 3D structurewithout the needfor crystallization.
It is oftenvery dif cult to crystallizelarge molecules(Bi-
ologistsmay spendmary yearstrying to do this). Evenin
thecasesvhencrystallizationis possiblethe structurecon-
strainedin crystallineform canbe differentfrom the struc-
ture of themacro-moleculén its native ervironment.Cryo-
EM thereforepresentsanattractie alternatve for structure
estimationfrom a biological point of view.

Within the cryo-EM community a setof techniquedor
solving the reconstructiorproblemhave emeged|[8], and
implementationsare available[9, 16, 21]. The processs
essentiallythe following: First, a rough,usuallylow reso-
lution and possiblydistortedinitial density(initial model)
is constructedby somemeang(e.g.,low resolution,higher
dose electron micrographs,x-ray crystallograplj, single
axisor randomconicaltomograply, known structureof re-
latedmoleculesassumedtructurefrom othermeansetc.).
This modelis usedto initiate aniterative processwvherethe

image plane orientationsrelative to the current3D model
aredeterminedposeestimation),andthenthe 3D density
(a new model)is reconstructedising CT techniques.The
processrepeatswith this new model. It shouldbe noted
that eachiterationmay take 12 hoursto run, anda full re-
constructionrmay take a few weeks. In the end,the ability
of the iterative procesdgo corverge to the correctsolution
dependgritically on the accurag of theinitial model,and
whenit doesconverge, the numberof requirediterations
alsodependsipontheaccurag of theinitial model.

In this paperwe addresghe problemof generatingan
initial model of the 3D structureusing randomlyoriented
projections. In the following sectionswe will shav that
this is an instanceof orthographicstructurefrom motion
usingline correspondence&ore speci cally, the problem
canbestatedas:

Problem Statement Considera setof N planesin R®
passingthroughthe origin and with unknownorientations
Ri;i= 1,2, N.Acommorlinecj (= ¢;;) isde nedas
the line of intersectionbetweentwo sud planesi andj.
Sincethe planespassthroughthe origin, the orientationof
thecommorline ¢ in theplanei is parameterizedy the
angle j it maleswith the x-axisin the local coordinate
frame Givenamatrix = [ 1;i;j = L2, N with
noisyentries, the objectiveis to recoser the commorlines
cj andtherotationmatricesR;.

Our papemakesthefollowing threecontrikbutions.

1. It introducesa new, large scalestructurefrom motion
problemin which directcorrespondencef imagefea-
turesis not possible.

2. It providesthe solutionto a problemthat hasplagued
andpossiblylimited the applicability of cryo-EM for
reconstructingmacro-moleculedensity for structural
biology.

3. Weintroduceto thecomputewrisioncommunityanap-
plicationdomain(cryo-EM) thatcanbene t from ex-
isting vision technigueshut which also challengeus
with anew but relevantsetof vision problemghathave
broaderapplicabilitybeyondthis speci c domain.

2. Background and RelatedWork

In a typical cryo-EM imaging setup,several randomly
orientedmacro-moleculegaka particles)of the samekind
frozenin ice andsuspendedver holesin acarbonIm are
placedunderan electronmicroscopeandtheir projections
recordedonto a CCD. The projectionis orthographicand
theintensityat a pixel in the micrographis directly propor
tional to the densityin the pathof the electron(s}hatcon-
tribute to the intensityat a particularpixel. A typical cryo-
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Figure2. In (a) atypical cryo-EM micrographcontainingseveralimagesof a macro-moleculealledGroEL is shavn. Theinsetshowvs a
zoomedportionof themicrograph.(b) shavs nineprojectionsselectedrom amicrograph Many suchprojection 10000 areclustered
into 50 100classes(c) shawvstheclassaverage®f ninearbitrarily choserclassesTheclassaverageshave signi cantly bettersignal
to noiseratio attheexpenseof ner details(high resolutioninformation)containedn raw projections.

EM micrographs shavn in Fig. 2 (a). A singlemicrograph
containsnoisy projectionsof severalidenticalparticlesori-
entedrandomly The individual particlesare selectedand
croppedfrom the micrograph.As canbeseenin Fig. 2 (b),
individual projectionsare extremely noisy. The signalto
noiseratio can be improved by clusteringa large number
(16,000 of projectionsinto afew classeg 50 100
andaveragingwithin eachclass;seeFig. 2 (c). Averaging
within a classleadsto smoothingof high resolutioninfor-
mationcontainedn the projections.However the detailin
classaveragess sufcient for thepurposeof reconstructing
aninitial modelataresolutionof about30  40A.

Thedifferentapproachefor initial modelreconstruction
can be broadly classi ed on the basisof the imaging ge-
ometryused. In the untilted con guration, the carbon Im
is placedorthogonalto the direction of the electronbeam
and a single image of the specimenis obtained. On the
otherhand,in thetilted con guration, severalimagesof the
specimenareacquiredby rotatingthe stagesupportingthe
carbon Im abouta known axis by known angularincre-
ments. In this paperwe focusour attentionto the recon-
structionof 3D densityusinga single exposureat zerotilt
[5, 6, 10,15, 19, 20, 22].

In modalitieslike electronmicroscoy where the ob-
tainedimageis anintegral of a3D densityalongaparticular
direction,therearisesa line correspondencleetweera pair
of views; seeFig. 3 for anillustration. Typically, the planes
of projectioncorrespondingo two images andj intersect
in aline ¢j (= ¢ ) calledthecommorline; seeFig. 3 (a).
The entire densitycan be projectedonto the commonline
by integratingthe intensitiesof eitherimagein a direction
orthogonalto the orientationof the commonline. In other
words,if j and ;; aretheorientationf thecommonline
in thelocal coordinatesystemof imagei and; respectiely,
then

riC ) =r1pCji); 1)

wherer; is the Radontransformof imagei. We call this
constraintthe commonlines constaint. Fig. 3 (b) shavs

a graphicalillustration of the commonlines constraint. It
suggestshatwe canobtainthe orientationof the common
line in eachimageby performinga bruteforce comparison
of their Radontransformsat all orientations Unfortunately
theseestimatesrevery noisybecauseheerrorsurfaceob-
tainedby matchingtwo Radontransformstypical contains
severalminima; seefor exampleFig. 3 ().

Given noisy estimatef the commonlines betweenN
projections,the centralproblemis to nd the relative ori-
entationof theseprojectionsin 3-spaceN projectionsof a
densitywith known orientationsanbeassembledb obtain
the 3D densityusingthe Fourier Slice Theorem.

Theorem1 (FourierSliceTheorem) The2D Fourier trans-
form of a projection of a 3D densityis a central slice
throughthe 3D Fourier transformof the density Theori-
entationof thecential sliceis the sameasthe orientationof
the planeof projection.

The casewhenN = 3 is well studiedandis alsothe
minimal problemin termsof the numberof imagesre-
quired.It wasshavn independentlypy VainshteirandGon-
charoy [20] and Van Heel [22] (and later by Laurenand
Nandhakumaf14]) thattherelative orientationof threepro-
jectionscanbe estimatedup to a hand(chirality) ambiguity
by usingthe commonlines betweenthe three projections.
This methodis calledAngular Reconstitution

Inspiredby the work of Horn[1Z], Farrov and Ottens-
meyer [5] usedquaterniongo obtainthe relative orienta-
tion of a new projectionin aleastsquaresense Oneof the
criticismsof suchanapproaclhis thatthe solutionis biased
by the sequencén which the relative orientationof differ-
ent projectionsare obtained. For example,if the common
linesbetweerthe rst threeprojectionsarenoisy, the noise
is propagtedto the orientationestimatesf all subsequent
projections.

In [19] Penczeletal. try to obtainrotationscorrespond-
ing to eachprojectionsimultaneousipy minimizinganen-
ergy functional.Unfortunatelythereis no goodwayto min-
imize the functionalexceptfor a bruteforce searchover all
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Figure3. (a) Two projections andj of adensity(Left) with their
Radontransformsr; andr; (Center),and their viewing planes
(Right) areshawvn. Theline of intersectiorof the viewing planes
is calledthe commonline andis shovn usinga dashedine. The
commonline is orientedat angles j; and j; in the local co-
ordinatesystemof projectioni andj respectiely. (b) shows the
Radontransformsr;( j ) andr;( ;i) which matchclosely be-
causeof thecommonlinesconstraint(Eq. 1). The matchingerror
surfaceE( ; )= kri( ) rj( )kO < ando <2,
betweerthe Radontransformsof the two imagesis shavn in (c).
SinceE( ; ) hasmultiple minima, the estimateof the common
linesis very noisy.

possibleorientationgfor all projections.lt is only expected
to work well whenthe initial pointis in the neighborhood
of the optimalsolution.

A similar problemhasbeenstudiedin the eld of to-
mograply whenthe rotationcorrespondindo a projection
is notknown [14, 15]. In [15], theauthorsdealtwith imag-
ing noiseusing self consisteng betweenfour projections.
Givenfour projectionsijt is possibleto predictthelocation
of commonlinesononeprojectionbasedn the otherthree
projections.

3. Angular Reconstitution Revisited

In contrasto thetraditionalSFM problemstheminimal
problemin uncalibratedcomograply involvesthreeviews
(projections). Given threeprojectionsof a 3D density the
viewing planeof eachprojectioncanberecoveredup to a
globalrotationandchirality. Publishedderivations[20, 22
for uncalibratedthree view tomograply involve comple
solid geometrywhich makesfurther analysisdif cult. We
presenta novel derivation using simple linear algebraand
vectorcalculusthatenablesa characterizationf theneces-
saryandsufcient conditionsfor anon-degeneratesolution.

In this derivation, the camerais assumedo be ortho-
graphicandthe projectionsareassumedo becenteredUn-
derthe above assumptionsthe poseof the cameraassoci-
atedwith projectioni is fully speci ed by arotationmatrix

Rij. Theline alongwhich the viewing planesof imagesi
andj intersectis denotedby c; . Notethatc; = cj; and
we will usetheminterchangeablysthe needarises. Let
j denotethe anglemadeby the vectorc; with the local
x-axisin imagei. We referto the matrix of theseangles,
= [ ] asthe commonlines matrix. The direction of
commonline ¢; in thelocal co-ordinateof projectioni is
denotedby bj = [cos j ;sin j ;0F .

Given two projectionsi andj, theangles j and j;
aredeterminedy exhaustvely comparinghe Radontrans-
forms (r; andr;) and identifying those orientationsfor
whichthey matchthebest.

(s 4i)= arg0m<in kriC ) () i<j (2
0 <2
Notethatboth ( ; ;i) and( j + ; ;i + ) arevalid

solutionsof (2). Restrictingthe maximumvalueof to
ensures uniquesolution.
Thevectorc;; andits projectionb arerelatedby

Ricij = bj (3
Consideringheinnerproductof b andbj we obtain

hRicj ;Riciki =
hcij s ci i =

hojj ; b i
hojj ;b i

Usingthefactthatfbij ;biki = cos( i
thefundamentabeometricconstraint

ik ), we obtain

hcij s ciki = cos( ik ) (4)

Theabove constrainis essentiallyarestatemendf the sim-
ple factthatthe anglebetweertwo vectorsis preseredun-
derarigid transformation.

In thethreeview casethreecommonlinesci,, ¢c»3, and
c31 aresharedbetweerthe projections. Let us de ne ma-
tricesC = [C12;Co3;C31]”, andM = CC>. Thenusing
Eq (4), we obtainthefollowing relation

2
1 cos( 31  32) COS(23  21)

M =4 cos( a1 32) 1 cos( 12 13)
COS( 23 21) COS( 12 13) 1

Notethatif C is arank3 matrix, i.e. thethreecommon
linesarenot co-planasthenthematrix M is symmetricpos-
itive de nite with unit diagonalentries. Given a matrix M
of this kind with eigervalue decompositiorM = UDU~,
we candetermineC upto arotationandre ection as

C= uD*?

Thesolutionis ambiguousip to arotationbecause global
rotation preseres the anglesbetweenthe commonlines.
There ection ambiguityis a resultof the factthatthe pair

S



of entriesM;; andM;; areonly known up to asign. This
is so becauséhe intersectionof viewing planesof projec-
tionsi andj canberepresenteequallywell by vectorsc;;
and c; . Thisambiguityis re ectedin thematrix by the
factthatwe canchangethe entries j and j; by with-
out changingthe commonlines. This ambiguityis not just
a mathematicahrtifact, it manifestsin naturein the form
of chirality andthe phenomenoif opticalisomerism.Two
moleculeghatarere ections of eachothergive riseto the
samesetof projectionsandwhile performingareconstruc-
tion, a choiceof eithera left handedor a right handedco-
ordinatesystemmustbe madeto recover a uniquesolution.

Theabore analysids valid whenthematrix M is positive
de nite. Isit possibleto obtainafull rankmatrixC in aleast
squaresensevenwhenthe matrix M is not positive de -
nite? This problemis equialentto nding theclosesisym-
metric positive semide nite matrix M with unit diagonal.
Theresultingmatrix canthenbe exactly factorizedto esti-
mateC. However, the following theoremby Higham[11]
shavsthatsuchanattemptis notusefulasi) is alwaysrank
de cient.

Theorem 2 (Higham) If a symmetricmatrix M with unit
diagonal hask non-positiveeigervalues,thenthe neaest
positivesemide nitematrix to M with unit diagonal hasat
leastk zeo eigervalues.

Thusif M is not positive de nite, thenit is eitherrank
de cient or the closestpositive semide nite matrix to it is.
In eithercasethis would resultin a matrix C thatis rank
de cient, i.e. thethreecommonlineslie in the sameplane.
Co-planarcommonlines is a degeneratecon guration for
tomographiaeconstruction.

3.1.Rotation Estimation

We now considerthe problemof estimatingthe rotation
matrix thatrelatesa setof commonlineswith their projec-
tions.LetC; = [cik ] beamatrixwith columnsconsistingof
commonlinesformedby view i with otherviewing planes
andB; bethe matrix formedby collectingthe correspond-
ing imageof the commonlinesin projectioni ascolumn
vectorsithenfrom Eq. (3) we have therelation

RiCi = B; )

For matricesC; andB; with 3 or morecolumnswe have an
over-constrainedproblem,onewhich canbe solvedin the
leastsquaresenseas

nFli_n kRiCi Bjke subjectoR’Ri=1 (6)
Theaboveis awell studiedproblemin computewisionand
linearalgebrd1, 13]. Weusethesolutionproposedy Arun
etal.[1] Let

UDV> = B;C’

bethesingularvaluedecompositiorof B; C , thenArun et
al have shavn thatthe optimal solutionto the optimization
problemabore is givenby

R = UV~

In the caseof threeprojections the matricesC; andB;
areboth3 2 andtheir outerproductis rankde cient and
generallyof rank 2. Thuswhile the rst two pairsof singu-
lar vectorsof B; C. arewell de ned, thetwo vectorsspan-
ning the left andright null spaceshave a sign ambiguity
Thisresultsin two estimate®f R;,

Rf=UV”>; R, =Ul V7, )
Here,l is anidentity matrix with its third diagonalentry
setto 1. The ambiguitybetweenthesetwo solutionscan
beresoledby observingthatrotationmatriceshave a pos-
itive determinanbf 1.

4. Robust Rotation Estimation

The matrix  containsthe orientationof the common
linesin the local co-ordinatesystemof imagesandits en-
triesaredirectly measuredisingEqg. 2. If theentriesof the
matrix arerelatively noisefree, a simplegreedystratey
of startingwith a triplet of views, andaddingoneview of
the moleculeat a time, usingthe leastsquaresolutionex-
plainedin sub-sectiorB.1, would be sufcient for generat-
ing aninitial model.However, asshovnin Fig. 3 (c), theen-
triesof thematrix  oftencontaingrosserrors.This makes
the useof a greedyleastsquaresasedstratgy unsuitable
for producingan initial model. In this sectionwe present
a BayesianMaximum A Posteriori(MAP) estimationpro-
cedurethat denoisegshe commonlines matrix, which can
then be usedfor estimatingthe initial model. Before we
discusgthe detailsof the denoisingalgorithm,we illustrate
key ideasof our approactusingasimplerproblem.

4.1.DenoisingPairwise Distances

Consider the classical Multidimensional Scaling
(MDS) [2] problem of embeddingm points in a plane
givenpairwisedistancematrixS = [s; ]. As classicaMDS
is basedon minimizing the L, norm, a single outlier can
resultin anarbitrarily badembedding.Thereforejt would
be useful to denoisethe distancematrix S to correctfor
grosserrorsbeforeMDS is performed.

The key ideain the denoisingprocesss that of consis-
teng. To denoisethe distancebetweenpointsi andj we
chooseatriple of points(p; g; r) from theremainingpoints.
Unlessthe pairwisedistancedetweerthe pointsp, g, and
r do not obey the triangle inequality they canbe usedto
de ne atrianglein a plane. This triangle providesa x ed
coordinatesystemin which we canembedthe pointsi and



j usingtheir distancedgrom pointsp, g, andr. Notice that
thepointsi andj areembeddedn the planede ned by the
triple (p;q; r) without usingthe distancebetween andj .
The coordinate®f the pointsi andj in theembeddingcan
be usedto measureghe distancebetweenthem. Thisis an
estimateof thedistancebetween and] viathetriplet. This
procesxanbe repeatedver variouschoicesof thetriplets
sampledfrom ™ 2C3 possibilities,and the resulting dis-
tanceestimatesollected. If the corruptionin Sis random
andit doesnot have a systematidias,oneexpectsthathis-
togramof thesadistancesvill exhibit apeaknearthecorrect
valueof s;j andthe errorswould be distributed randomly
Of coursepnecannotrule outasystematicorruptionin the
matrix, andonecannotjust trustthe peakin the histogram;
someweightshouldbegivento theoriginal estimateof s;; .
Theseideascanbeformalizedin a Maximum A Posteriori
(MAP) framework asfollows.

The Maximum A Posterioriestimateof a randomvari-
ableis the valuefor which its posteriorgiven someobser
vation achiezesthe maximumvalue. More formally, let us
assumethat we are interestedn estimatinga parameter
andlet po( ) bea prior distribution on thedomainof . If
we now obsere a randomvariableX thathasconditional
probabilitydensityp(Xj ), thenby Bayes'rule,the proba-
bility of observing givenX is written as

pP(Xj )po( ) .
p(xX)

wherep( jX) is the posteriorof . The MaximumA Pos-
teriori (MAP) estimateof is thenwrittenas

P(Xj )po( )
p(X)
argmaxp(Xj )po( ) (8)

p( jX) =

= argmaxp( jX) = argmax

In the context of the distanceestimationproblem,po( )
is adistribution centeredaroundtheinitial estimates; and

p(Xj ) is the empiricaldensityof the obsened distances.

As we know very little aboutthe behaior of the obsered
datadensity but we have plenty of dataavailableastriplets
aresampledfrom ™ 2C3 possibilities,we will usea ker-
nel density estimateto modelp(Xj ). In particular if a
Gaussiardistributionis usedfor the prior aswell astheob-
senations,thenthe MAP estimatoiis givenby

. . 2_ 2 2_ 2
il}/IAP :argnlmek Sij ><k—p ek Xk xk—o: (9)

k
Here , and , arethestandardieviation of the kernelfor
the prior andthe obsenationsrespectrely andexpressour
con dencein eachof thesequantities.

S

4.2.Denoisingthe Common Lines Matrix

We now considerthe problemof denoisingthe common
lines matrix . As in the caseof denoisingthe distance

(@) (b) () (@

Figure4. Indirectestimateof commonline ¢; . (a) Threeprojec-
tionsp, g andr are rst assembledn threespaceusingAngular
Reconstitution.(b) The commonlines betweenprojectioni and
triplet (p; g;r) areusedto nd the orientationof projectioni in
the co-ordinatesystemde ned by (p;q; r). (c) Similarly, the ori-
entationof projectionj is found. (d) The commonline between
projections andj estimatedsia thetriplet (p;q;r).

matrix of pointsin a plane we usegeometricconsisteng to
indirectly obtainmultiple estimatedor eachentry of in
additionto the noisydirectmeasurement.

Fig. 4 shavs indirectestimationof the commonline c;
via threeprojectionsp, g, andr. A triplet (p;q; r) of views
establishesa coordinatesystemin which we can usethe
commonline anglesbetweenthe views (p;q;r) and the
viewsi andj to estimatetherotationsR; andR; in space.
Themethodfor thiswasdescribedn sub-sectior8.1. Given
the two rotations,the commonline betweenthe two views
is the crossproductof their third rows.

Cj = R? Rj3

This commonline canthenbe backprojectedto images
i andj using Eq. (3) to obtainestimatesof ; and ;.
Figure5 shaws typical histogramscorrespondingo entries
of . Noticethesharppeakswhichallow usto estimatehe
commonline orientationgobustly.

Thereare threemajor differenceshetweenthe problem
of denoisinga distancanatrix andthe problemof denoising
acommonlinesmatrix. Firstwe have to estimategwo scalar
parameter§ j ; ;i) Simultaneouslyscomparedo asin-
gle distance(sy = sji). Further to ensureuniqguenessn
commonline matching,we have to enforcethe constraints
0 j < and0 ji < 2 fori < j. While this
representatioenforceauniquenesst destrysthetopology
of the manifold of commonlines angles.For example,the
commonline with angle 3 = 0+ andthecommonline
with angle = arevery closein spaceandyetthey
aremappedfar apartin this representationThis is a stan-
dardissuein analyzingaxial data,i.e. datawhich is repre-
sentedusingaline sggmentand,asopposedo avector has
ambiguousorientation[7, 18]. A standardrick is to map
the databackontothe circle by doublingit. This mapsthe
point to 2 , thereby xing thetopologicalproblem. Fi-
nally, now thatthedatalieson S  S?, i.e. the productof
two circles,whichunliketherealline wrapsaround andthe
kerneldensityfunction musttake this into account.We use
theanalogof the Gaussiardistribution for circulardata,the
von Mises distribution, which hasthe correctwraparound
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Figure 5. Typical histogramscorrespondingo entriesof  ob-
tainedduringthereconstructiorof GroEL.

behaior for circlesandsphereslin the univariatecaseit is
writtenas

K()= ()expco o )=)

where, is the normalizationconstant. For the bi-variate
casewe usea productof two univariatekernels.

While thereis asubstantialiteratureon nding themax-
imum of a probabilitydensityfrom sampleg4] whichwork
well in R", generalizationto morecomplex manifoldslike
aproductof circlesarenot known to the bestof our knowl-
edge.Thuswe evaluatethe densityat all pointsin our sam-
ple andselectthe point at which the maximumis attained.

5. Results

Experimentson real datawere performedon a protein
macro-moleculecalled GroEL andresultswere compared
with awidely usedcyro-EM reconstructioriool calledElec-
tron MicrographAnalysis(EMAN) [16]. 15839projections
of GroELwereclusterednto 40 classesindthecorrespond-
ing 40 classaveragesveregenerated A few examplesof
the classaveragesare shawvn in Fig. 2 (c). A comparison
betweenthe initial model obtainedusing our methodand
theinitial modelobtainedusingEMAN is shovn in Fig. 1.
Ourinitial modelclearlycaptureshegrossstructureof pub-
lishedhigh resolutionstructure[17], andappeardo be bet-
terthanEMAN' sinitial model. Thetwo initial modelswere
re ned usingstandarde nementroutinesin EMAN using
all 15839projections.Fig. 6 shawvs the progresof the re-
nement stage. Our initial modelre ned to a reasonable
model by the end of two iterations(18 hoursof compute
time), while the corvergenceof EMAN's initial modelis
muchslower. It is worth notingthatwith anunreliableini-
tial model, not only is the rate of corvergenceslow, the
probability of the initial model corverging to the true so-
lution is very low.

Thelastiterationshovn in Fig. 6 (b) and6 (d) alsoillus-
trate the handambiguityinherentin the solution. A close
look atthetwo solutionsshavs thatoneis themirror re ec-
tion of the other As mentionedkarlier the handambiguity
is resohed by othermeansafterthereconstruction.

6. Discussion

In this paperwe consideredhe initial model problem
in uncalibratedcomputedtomograply. We proposeda

Bayesiarsolutionto the problemwhich improvesthe prac-
tical applicability of a theoreticalresult known for two
decadeslIn addition,we presented novel andmuchsim-
pler algebraicderivation andanalysisof uncalibratedhree
view tomograph.

An interestingaspeciof our MAP formulationis thatit
allows for the useof more sophisticategriors on the esti-
matesf thecommonlinesthanthe onewe have usedin the
paper In particularit allows usto usethe entire matching
error surfaceof the Radontransformof two projectionsas
the basisof a prior. In addition,we have not addressethe
guestionof optimal kernelbandwidthfor the MAP estima-
tor. We hopeto addresgheseissuesn futurework.
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