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Abstract

This paperaddressesthe problemof reconstructingthe
densityof a scenefrommultipleprojectionimagesproduced
bymodalitiessuch asx-ray, electronmicroscopy, etc.where
an image valueis relatedto the integral of the sceneden-
sity along a 3D line segmentbetweena radiation source
anda point on the image plane. Whilecomputedtomogra-
phy(CT)addressesthisproblemwhentheabsoluteorienta-
tion of theimage planeandradiationsourcedirectionsare
known,this paperaddressestheproblemwhentheorienta-
tionsare unknown– it is akin to thestructure-from-motion
(SFM) problemwhenthe extrinsic camera parameters are
unknown.Westudytheproblemwithin thecontext of recon-
structing the densityof protein macro-moleculesin Cryo-
genic Electron Microscopy(cryo-EM), where images are
very noisy and existing techniquesuseseveral thousands
of images. In a non-degenerate con�guration, the viewing
planescorrespondingto two projections,intersectin a line
in 3D. Usingthegeometryof theimaging setup,it is possi-
ble to determinethe projectionsof this 3D line on the two
image planes.In turn, theproblemcanbeformulatedasa
typeof orthographic structure from motion from line cor-
respondenceswhere the line correspondencesbetweentwo
viewsare unreliabledueto image noise. We formulatethe
taskas the problemof denoisinga correspondencematrix
andpresenta Bayesiansolutionto it. Subsequently, theab-
soluteorientationof each projectionis determinedfollowed
by densityreconstruction.We showresultson cryo-EMim-
agesof proteinsandcompareour resultsto thatof Electron
Micrograph Analysis(EMAN)–a widely usedreconstruc-
tion tool in cryo-EM.

1. Intr oduction

While theintensityin aphotographis relatedto thelight
(radiance)re�ected from surfacesin a scene,the intensity

Figure 1. The �rst column shows the top and side views of a
macro-moleculecalledGroELproducedfrom a11.5Å reconstruc-
tion [17] in a publicly available Molecular StructureDatabase.
The middle column shows the initial model estimatedusing
EMAN [16] – A widely usedtool in cryo-EM. Theright column
shows the initial model estimatedusing our method. The same
datasetwasusedto generatethetwo initial models.

atapoint in animageproducedby modalitiessuchasx-ray,
electronmicroscopy, etc. arerelatedto the integral of the
scenedensityalonga 3D line segmentbetweena radiation
sourceand a point on the detector(imageplane). Com-
putedTomography (CT) is a techniquefor reconstructing
the 3D densityfrom a collection of 2D images(aka pro-
jections)takenwith a known relationbetweentheradiation
source/imageplaneand the scene. This is akin to 3D re-
constructionfrom multiple photographswhen the camera
geometryis known (multi-view stereo).

In this paper, we considertheproblemof 3D densityre-
constructionwhenthe relationsbetweenthe views areun-
known. This is analogousto the problemof structureand
motion estimationfrom photographswith unknown view-
points. However the image formation processis differ-
ent, and in turn this leadsto different types of features



andconstraintsthantraditionallyencounteredin SFMprob-
lems. Furthermore,we considerthis problemwithin the
context of cryo-EMreconstructionof macro-molecules,and
at this resolution,imagesarevery noisycomparedto pho-
tographstypically usedfor SFM. Considerthe imagesin
Fig. 2.(a,b)of aproteinmacro-molecule.UnlikeSFMfrom
photographs,it is clearly not possibleto identify points
acrosstheseimagesthat correspondto the projection of
a commonpoint in 3D, nor is it possibleto extract out
of imagesmore complex features(e.g., lines, conics or
othercurves)andestablishcorrespondencebetweenthem.
Thoughnot obviousa priori, it is possibleto determinebe-
tweenevery pair of 2D imagesa singleline in eachimage
which is theprojectionof a 3D line [3]. Hence,theessen-
tial challengeis both to identify thesepairsof lines in im-
agesandto usetheselinesto estimatetheabsolute3D ori-
entationsof the imageplanes. Onceestimated,computed
tomography is usedfor 3D densityreconstruction.In ad-
dition, to achieve a desiredresolution(< 10Å) in spiteof
thenoise,researchersusebetween1,000and100,000pro-
jections,abouttwo ordersof magnitudemoreimagesthan
typically usedin conventionalSFMproblems.

Cryo-ElectronMicroscopy (cryo-EM) is an emerging
techniquein structuralbiology for 3D structure(density)
estimationof a specimenpreserved in vitreousice. Unlike
tomography wherea largenumberof imagesof aspecimen
can be acquired,the numberof imagesof a specimenin
cryo-EM is limited becauseof radiationdamage.In cryo-
EM, the specimenconsistsof identicalcopiesof the same
proteinmacro-molecule,preservedatrandomandunknown
3D orientationsin ice. Dueto largernumberof unknownsin
cryo-EM ascomparedto tomography, theproblemis more
challengingandcallsfor adifferentsetof techniques.

Oneof theadvantagesof cyro-EM over themorewidely
usedtechniqueof X-ray crystallography is that it deter-
minesthe3D structurewithout theneedfor crystallization.
It is often very dif�cult to crystallizelarge molecules(Bi-
ologistsmayspendmany yearstrying to do this). Even in
thecaseswhencrystallizationis possible,thestructurecon-
strainedin crystallineform canbedifferentfrom thestruc-
tureof themacro-moleculein its nativeenvironment.Cryo-
EM thereforepresentsanattractive alternative for structure
estimationfrom abiologicalpointof view.

Within thecryo-EM community, a setof techniquesfor
solving the reconstructionproblemhave emerged[8], and
implementationsareavailable [9, 16, 21]. The processis
essentiallythe following: First, a rough,usuallylow reso-
lution andpossiblydistortedinitial density(initial model)
is constructedby somemeans(e.g.,low resolution,higher
dose electronmicrographs,x-ray crystallography, single
axisor randomconicaltomography, known structureof re-
latedmolecules,assumedstructurefrom othermeans,etc.).
This modelis usedto initiateaniterative processwherethe

imageplaneorientationsrelative to the current3D model
aredetermined(poseestimation),andthenthe 3D density
(a new model) is reconstructedusingCT techniques.The
processrepeatswith this new model. It shouldbe noted
thateachiterationmay take 12 hoursto run, anda full re-
constructionmay take a few weeks.In theend,theability
of the iterative processto converge to the correctsolution
dependscritically on theaccuracy of the initial model,and
when it doesconverge, the numberof requirediterations
alsodependsupontheaccuracy of theinitial model.

In this paperwe addressthe problemof generatingan
initial modelof the 3D structureusing randomlyoriented
projections. In the following sectionswe will show that
this is an instanceof orthographicstructurefrom motion
usingline correspondences.More speci�cally, theproblem
canbestatedas:

Problem Statement: Considera set of N planesin R3

passingthroughthe origin and with unknownorientations
Ri ; i = 1; 2; � � � N . A commonline cij (= cj i ) is de�nedas
the line of intersectionbetweentwo such planesi and j .
Sincetheplanespassthroughtheorigin, theorientationof
thecommonline cij in theplanei is parameterizedby the
angle � ij it makeswith the x-axis in the local coordinate
frame. Givena matrix � = [� ij ]; i; j = 1; 2; � � � N with
noisyentries, theobjectiveis to recover thecommonlines
cij andtherotationmatricesRi .

Ourpapermakesthefollowing threecontributions.

1. It introducesa new, largescalestructurefrom motion
problemin whichdirectcorrespondenceof imagefea-
turesis notpossible.

2. It providesthesolutionto a problemthathasplagued
andpossiblylimited the applicability of cryo-EM for
reconstructingmacro-moleculedensity for structural
biology.

3. Weintroduceto thecomputervisioncommunityanap-
plicationdomain(cryo-EM) thatcanbene�t from ex-
isting vision techniques,but which alsochallengeus
with anew but relevantsetof visionproblemsthathave
broaderapplicabilitybeyondthisspeci�c domain.

2. Background and RelatedWork

In a typical cryo-EM imaging setup,several randomly
orientedmacro-molecules(akaparticles)of the samekind
frozenin ice andsuspendedover holesin a carbon�lm are
placedunderan electronmicroscopeandtheir projections
recordedonto a CCD. The projectionis orthographicand
theintensityat a pixel in themicrographis directly propor-
tional to thedensityin thepathof theelectron(s)thatcon-
tributeto theintensityat a particularpixel. A typical cryo-



a. b. c.
Figure2. In (a) a typical cryo-EM micrographcontainingseveral imagesof a macro-moleculecalledGroEL is shown. Theinsetshows a
zoomedportionof themicrograph.(b) showsnineprojectionsselectedfrom amicrograph.Many suchprojections(� 10000) areclustered
into � 50 � 100classes.(c) shows theclassaveragesof ninearbitrarilychosenclasses.Theclassaverageshavesigni�cantly bettersignal
to noiseratioat theexpenseof �ner details(high resolutioninformation)containedin raw projections.

EM micrographis shown in Fig. 2 (a). A singlemicrograph
containsnoisyprojectionsof several identicalparticlesori-
entedrandomly. The individual particlesareselectedand
croppedfrom themicrograph.As canbeseenin Fig. 2 (b),
individual projectionsare extremely noisy. The signal to
noiseratio canbe improved by clusteringa large number
(� 10; 000) of projectionsinto a few classes(� 50 � 100)
andaveragingwithin eachclass;seeFig. 2 (c). Averaging
within a classleadsto smoothingof high resolutioninfor-
mationcontainedin theprojections.However thedetail in
classaveragesis suf�cient for thepurposeof reconstructing
aninitial modelata resolutionof about30� 40Å.

Thedifferentapproachesfor initial modelreconstruction
can be broadly classi�ed on the basisof the imaging ge-
ometryused.In theuntiltedcon�guration, thecarbon�lm
is placedorthogonalto the directionof the electronbeam
and a single imageof the specimenis obtained. On the
otherhand,in thetilted con�guration,severalimagesof the
specimenareacquiredby rotatingthestagesupportingthe
carbon�lm abouta known axis by known angularincre-
ments. In this paperwe focusour attentionto the recon-
structionof 3D densityusinga singleexposureat zerotilt
[5, 6, 10,15, 19, 20, 22].

In modalities like electronmicroscopy where the ob-
tainedimageis anintegralof a3D densityalongaparticular
direction,therearisesa line correspondencebetweena pair
of views;seeFig. 3 for anillustration.Typically, theplanes
of projectioncorrespondingto two imagesi andj intersect
in a line cij (= cj i ) calledthecommonline; seeFig. 3 (a).
The entiredensitycanbe projectedonto the commonline
by integratingthe intensitiesof eitherimagein a direction
orthogonalto theorientationof thecommonline. In other
words,if � ij and� j i aretheorientationsof thecommonline
in thelocalcoordinatesystemof imagei andj respectively,
then

r i (� ij ) = r j (� j i ); (1)

wherer i is the Radontransformof imagei . We call this
constraintthe commonlines constraint. Fig. 3 (b) shows

a graphicalillustration of the commonlines constraint. It
suggeststhatwe canobtaintheorientationof thecommon
line in eachimageby performinga bruteforcecomparison
of their Radontransformsat all orientations.Unfortunately
theseestimatesareverynoisybecausetheerrorsurfaceob-
tainedby matchingtwo Radontransformstypical contains
severalminima;seefor exampleFig. 3 (c).

Given noisy estimatesof the commonlines betweenN
projections,the centralproblemis to �nd the relative ori-
entationof theseprojectionsin 3-space.N projectionsof a
densitywith known orientationscanbeassembledto obtain
the3D densityusingtheFourierSliceTheorem.

Theorem1 (FourierSliceTheorem). The2DFourier trans-
form of a projection of a 3D density is a central slice
throughthe 3D Fourier transformof the density. Theori-
entationof thecentral sliceis thesameastheorientationof
theplaneof projection.

The casewhen N = 3 is well studiedand is also the
minimal problem in terms of the numberof imagesre-
quired.It wasshown independentlyby VainshteinandGon-
charov [20] and Van Heel [22] (and later by Laurenand
Nandhakumar[14]) thattherelativeorientationof threepro-
jectionscanbeestimatedup to ahand(chirality) ambiguity
by usingthe commonlines betweenthe threeprojections.
Thismethodis calledAngularReconstitution.

Inspiredby the work of Horn[12], Farrow andOttens-
meyer [5] usedquaternionsto obtain the relative orienta-
tion of a new projectionin a leastsquaresense.Oneof the
criticismsof suchanapproachis that thesolutionis biased
by thesequencein which the relative orientationof differ-
ent projectionsareobtained.For example,if the common
linesbetweenthe�rst threeprojectionsarenoisy, thenoise
is propagatedto theorientationestimatesof all subsequent
projections.

In [19] Penczeket al. try to obtainrotationscorrespond-
ing to eachprojectionsimultaneouslyby minimizinganen-
ergy functional.Unfortunatelythereis nogoodwayto min-
imize thefunctionalexceptfor a bruteforcesearchover all
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Figure3. (a) Two projectionsi andj of a density(Left) with their
Radontransformsr i and r j (Center),and their viewing planes
(Right) areshown. The line of intersectionof theviewing planes
is calledthecommonline andis shown usinga dashedline. The
commonline is orientedat angles� ij and � j i in the local co-
ordinatesystemof projectioni andj respectively. (b) shows the
Radontransformsr i (� ij ) and r j (� j i ) which matchclosely be-
causeof thecommonlinesconstraint(Eq.1). Thematchingerror
surfaceE(� ; � ) = kr i (� ) � r j (� )k, 0 � � < � and0 � � < 2� ,
betweentheRadontransformsof thetwo imagesis shown in (c).
SinceE(� ; � ) hasmultiple minima, the estimateof the common
linesis verynoisy.

possibleorientationsfor all projections.It is only expected
to work well whenthe initial point is in the neighborhood
of theoptimalsolution.

A similar problemhasbeenstudiedin the �eld of to-
mography whenthe rotationcorrespondingto a projection
is not known [14, 15]. In [15], theauthorsdealtwith imag-
ing noiseusingself consistency betweenfour projections.
Givenfour projections,it is possibleto predictthelocation
of commonlinesononeprojectionbasedon theotherthree
projections.

3. Angular ReconstitutionRevisited

In contrastto thetraditionalSFMproblems,theminimal
problemin uncalibratedtomography involves threeviews
(projections).Given threeprojectionsof a 3D density, the
viewing planeof eachprojectioncanbe recoveredup to a
globalrotationandchirality. Publishedderivations[20, 22]
for uncalibratedthreeview tomography involve complex
solid geometrywhich makesfurtheranalysisdif�cult. We
presenta novel derivation usingsimple linear algebraand
vectorcalculusthatenablesa characterizationof theneces-
saryandsuf�cient conditionsfor anon-degeneratesolution.

In this derivation, the camerais assumedto be ortho-
graphicandtheprojectionsareassumedto becentered.Un-
der the above assumptions,the poseof the cameraassoci-
atedwith projectioni is fully speci�edby a rotationmatrix

Ri . The line alongwhich the viewing planesof imagesi
andj intersectis denotedby cij . Note that cij = cj i and
we will usetheminterchangeablyas the needarises. Let
� ij denotetheanglemadeby thevectorcij with the local
x-axis in imagei . We refer to the matrix of theseangles,
� = [� ij ] as the commonlines matrix. The direction of
commonline cij in the local co-ordinateof projectioni is
denotedby b ij = [cos� ij ; sin � ij ; 0]> .

Given two projectionsi and j , the angles� ij and � j i

aredeterminedby exhaustively comparingtheRadontrans-
forms (r i and r j ) and identifying thoseorientationsfor
which they matchthebest.

(� ij ; � j i ) = arg min
0� �<�
0� � < 2�

kr i (� ) � r j (� )k; i < j (2)

Note that both (� ij ; � j i ) and(� ij + � ; � j i + � ) arevalid
solutionsof (2). Restrictingthemaximumvalueof � to �
ensuresauniquesolution.
Thevectorcij andits projectionb ij arerelatedby

Ri cij = b ij (3)

Consideringtheinnerproductof b ij andb ik weobtain

hRi cij ; Ri cik i = hb ij ; b ik i

hcij ; cik i = hb ij ; b ik i

Usingthefact thathb ij ; b ik i = cos(� ij � � ik ), we obtain
thefundamentalgeometricconstraint

hcij ; cik i = cos(� ij � � ik ) (4)

Theaboveconstraintis essentiallyarestatementof thesim-
ple factthattheanglebetweentwo vectorsis preservedun-
dera rigid transformation.

In thethreeview case,threecommonlinesc12, c23, and
c31 aresharedbetweenthe projections.Let us de�ne ma-
tricesC = [c12; c23; c31]> , andM = CC> . Thenusing
Eq (4), weobtainthefollowing relation

M =

2

4
1 cos(� 31 � � 32) cos(� 23 � � 21)

cos(� 31 � � 32) 1 cos(� 12 � � 13)
cos(� 23 � � 21) cos(� 12 � � 13) 1

3

5 :

Notethat if C is a rank3 matrix, i.e. thethreecommon
linesarenotco-planar, thenthematrixM is symmetricpos-
itive de�nite with unit diagonalentries.Givena matrix M
of this kind with eigenvaluedecompositionM = UDU> ,
wecandetermineC up to a rotationandre�ection as

C = UD1=2

Thesolutionis ambiguousup to a rotationbecauseaglobal
rotation preserves the anglesbetweenthe commonlines.
There�ection ambiguityis a resultof the fact that thepair



of entriesM ij andM j i areonly known up to a sign. This
is so becausethe intersectionof viewing planesof projec-
tionsi andj canberepresentedequallywell by vectorscij

and� cij . Thisambiguityis re�ectedin thematrix � by the
fact thatwe canchangetheentries� ij and� j i by � with-
out changingthecommonlines. This ambiguityis not just
a mathematicalartifact, it manifestsin naturein the form
of chirality andthephenomenonof opticalisomerism.Two
moleculesthatarere�ections of eachothergive rise to the
samesetof projections,andwhile performingareconstruc-
tion, a choiceof eithera left handedor a right handedco-
ordinatesystemmustbemadeto recoverauniquesolution.

Theaboveanalysisis valid whenthematrixM is positive
de�nite. Is it possibletoobtainafull rankmatrixC in aleast
squaressenseevenwhenthematrix M is not positive de�-
nite?Thisproblemis equivalentto �nding theclosestsym-
metric positive semide�nite matrix M̂ with unit diagonal.
Theresultingmatrix canthenbeexactly factorizedto esti-
mateC. However, the following theoremby Higham[11]
showsthatsuchanattemptis notusefulasM̂ is alwaysrank
de�cient.

Theorem 2 (Higham). If a symmetricmatrix M with unit
diagonal hask non-positiveeigenvalues,then the nearest
positivesemide�nitematrix to M with unit diagonalhasat
leastk zero eigenvalues.

Thusif M is not positive de�nite, thenit is eitherrank
de�cient or theclosestpositive semide�nitematrix to it is.
In eithercasethis would result in a matrix C that is rank
de�cient, i.e. thethreecommonlineslie in thesameplane.
Co-planarcommonlines is a degeneratecon�guration for
tomographicreconstruction.

3.1.Rotation Estimation

We now considertheproblemof estimatingtherotation
matrix thatrelatesa setof commonlineswith their projec-
tions.Let Ci = [cik ] beamatrixwith columnsconsistingof
commonlines formedby view i with otherviewing planes
andBi bethematrix formedby collectingthecorrespond-
ing imageof the commonlines in projectioni ascolumn
vectors;thenfrom Eq.(3) wehave therelation

Ri Ci = Bi (5)

For matricesCi andBi with 3 or morecolumnswehavean
over-constrainedproblem,onewhich canbe solved in the
leastsquaressenseas

min
R i

kRi Ci � Bi kF subjectto R>
i Ri = 1 (6)

Theabove is awell studiedproblemin computervisionand
linearalgebra[1, 13]. WeusethesolutionproposedbyArun
etal. [1] Let

UDV> = Bi C>
i

bethesingularvaluedecompositionof B i C>
i , thenArun et

al have shown that theoptimalsolutionto theoptimization
problemabove is givenby

Ri = UV >

In thecaseof threeprojections,thematricesCi andBi

areboth3 � 2 andtheir outerproductis rankde�cient and
generallyof rank2. Thuswhile the�rst two pairsof singu-
lar vectorsof Bi C>

i arewell de�ned, thetwo vectorsspan-
ning the left and right null spaceshave a sign ambiguity.
This resultsin two estimatesof Ri ,

R+
i = UV > ; R�

i = UI � V> ; (7)

Here,I � is an identity matrix with its third diagonalentry
setto � 1. Theambiguitybetweenthesetwo solutionscan
beresolvedby observingthatrotationmatriceshave a pos-
itivedeterminantof 1.

4. Robust Rotation Estimation

The matrix � containsthe orientationof the common
lines in the local co-ordinatesystemof imagesandits en-
triesaredirectly measuredusingEq.2. If theentriesof the
matrix � arerelatively noisefree,a simplegreedystrategy
of startingwith a triplet of views, andaddingoneview of
themoleculeat a time, usingthe leastsquaressolutionex-
plainedin sub-section3.1,would besuf�cient for generat-
inganinitial model.However, asshown in Fig.3 (c), theen-
triesof thematrix � oftencontaingrosserrors.This makes
the useof a greedyleastsquaresbasedstrategy unsuitable
for producingan initial model. In this sectionwe present
a BayesianMaximumA Posteriori(MAP) estimationpro-
cedurethat denoisesthe commonlines matrix, which can
then be usedfor estimatingthe initial model. Before we
discussthedetailsof thedenoisingalgorithm,we illustrate
key ideasof ourapproachusingasimplerproblem.

4.1.DenoisingPairwise Distances

Consider the classical Multidimensional Scaling
(MDS) [2] problem of embeddingm points in a plane
givenpairwisedistancematrixS = [sij ]. As classicalMDS
is basedon minimizing the L 2 norm, a singleoutlier can
resultin anarbitrarily badembedding.Therefore,it would
be useful to denoisethe distancematrix S to correct for
grosserrorsbeforeMDS is performed.

The key ideain the denoisingprocessis that of consis-
tency. To denoisethe distancebetweenpoints i andj we
chooseatriple of points(p;q; r ) from theremainingpoints.
Unlessthepairwisedistancesbetweenthepointsp, q, and
r do not obey the triangle inequality, they canbe usedto
de�ne a trianglein a plane. This triangleprovidesa �x ed
coordinatesystemin which we canembedthepointsi and



j usingtheir distancesfrom pointsp, q, andr . Notice that
thepointsi andj areembeddedin theplanede�ned by the
triple (p;q; r ) without usingthe distancebetweeni andj .
Thecoordinatesof thepointsi andj in theembeddingcan
be usedto measurethe distancebetweenthem. This is an
estimateof thedistancebetweeni andj via thetriplet. This
processcanberepeatedover variouschoicesof thetriplets
sampledfrom m � 2C3 possibilities,and the resultingdis-
tanceestimatescollected. If thecorruptionin S is random
andit doesnot have a systematicbias,oneexpectsthathis-
togramof thesedistanceswill exhibit apeaknearthecorrect
valueof sij andthe errorswould be distributedrandomly.
Of course,onecannotruleoutasystematiccorruptionin the
matrix,andonecannotjust trust thepeakin thehistogram;
someweightshouldbegivento theoriginalestimateof sij .
Theseideascanbeformalizedin a MaximumA Posteriori
(MAP) framework asfollows.

The Maximum A Posterioriestimateof a randomvari-
ableis the valuefor which its posteriorgiven someobser-
vationachievesthemaximumvalue. More formally, let us
assumethat we are interestedin estimatinga parameter�
andlet p0(� ) bea prior distribution on thedomainof � . If
we now observe a randomvariableX that hasconditional
probabilitydensityp(X j� ), thenby Bayes'rule, theproba-
bility of observing� givenX is writtenas

p(� jX ) =
p(X j� )p0(� )

p(X )
;

wherep(� jX ) is theposteriorof � . TheMaximumA Pos-
teriori (MAP) estimateof � is thenwrittenas

� � = argmax
�

p(� jX ) = argmax
�

p(X j� )p0(� )
p(X )

= argmax
�

p(X j� )p0(� ) (8)

In thecontext of thedistanceestimationproblem,p0(� )
is a distribution centeredaroundtheinitial estimatesij and
p(X j� ) is the empiricaldensityof the observed distances.
As we know very little aboutthebehavior of theobserved
datadensity, but wehave plentyof dataavailableastriplets
aresampledfrom m � 2C3 possibilities,we will usea ker-
nel densityestimateto model p(X j� ). In particular, if a
Gaussiandistribution is usedfor theprior aswell astheob-
servations,thentheMAP estimatoris givenby

sM AP
ij = argmin

x
e�k sij � x k2 =� 2

p

X

k

e�k x k � x k2 =� 2
o : (9)

Here� p and� o arethestandarddeviation of thekernelfor
theprior andtheobservationsrespectively andexpressour
con�dencein eachof thesequantities.

4.2.Denoisingthe CommonLines Matrix

We now considertheproblemof denoisingthecommon
lines matrix � . As in the caseof denoisingthe distance

Figure4. Indirectestimateof commonline cij . (a) Threeprojec-
tions p, q andr are�rst assembledin threespaceusingAngular
Reconstitution.(b) The commonlines betweenprojectioni and
triplet (p;q; r ) areusedto �nd the orientationof projectioni in
theco-ordinatesystemde�ned by (p;q; r ). (c) Similarly, theori-
entationof projectionj is found. (d) The commonline between
projectionsi andj estimatedvia thetriplet (p;q; r ).

matrixof pointsin aplane,weusegeometricconsistency to
indirectly obtainmultiple estimatesfor eachentry of � in
additionto thenoisydirectmeasurement.

Fig. 4 shows indirectestimationof thecommonline cij

via threeprojectionsp, q, andr . A triplet (p;q; r ) of views
establishesa coordinatesystemin which we can usethe
commonline anglesbetweenthe views (p;q; r ) and the
views i andj to estimatetherotationsRi andRj in space.
Themethodfor thiswasdescribedin sub-section3.1.Given
the two rotations,thecommonline betweenthe two views
is thecrossproductof their third rows.

cij = R3
i � R3

j

This commonline canthenbebackprojectedto images
i and j using Eq. (3) to obtain estimatesof � ij and � j i .
Figure5 shows typical histogramscorrespondingto entries
of � . Noticethesharppeakswhichallow usto estimatethe
commonline orientationsrobustly.

Therearethreemajor differencesbetweenthe problem
of denoisingadistancematrixandtheproblemof denoising
acommonlinesmatrix. Firstwehaveto estimatetwo scalar
parameters(� ij ; � j i ) simultaneouslyascomparedto a sin-
gle distance(sij = sj i ). Further, to ensureuniquenessin
commonline matching,we have to enforcetheconstraints
0 � � ij < � and0 � � j i < 2� for i < j . While this
representationenforcesuniqueness,it destroysthetopology
of themanifoldof commonlinesangles.For example,the
commonline with angle� ij = 0 + � andthecommonline
with angle� ij = � � � areveryclosein spaceandyet they
aremappedfar apartin this representation.This is a stan-
dardissuein analyzingaxial data,i.e. datawhich is repre-
sentedusinga line segmentand,asopposedto avector, has
ambiguousorientation[7, 18]. A standardtrick is to map
thedatabackontothecircle by doublingit. This mapsthe
point � to 2� , thereby�xing the topologicalproblem. Fi-
nally, now thatthedatalies on S1 � S1, i.e. theproductof
two circles,whichunliketherealline wrapsaround,andthe
kerneldensityfunctionmusttake this into account.We use
theanalogof theGaussiandistribution for circulardata,the
von Misesdistribution, which hasthe correctwraparound
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Figure 5. Typical histogramscorrespondingto entriesof � ob-
tainedduringthereconstructionof GroEL.

behavior for circlesandspheres.In theunivariatecaseit is
writtenas

K (� ) = � (� ) exp(cos(� 0 � � )=� )

where,� is the normalizationconstant.For the bi-variate
caseweuseaproductof two univariatekernels.

While thereis asubstantialliteratureon�nding themax-
imumof aprobabilitydensityfrom samples[4] whichwork
well in Rn , generalizationsto morecomplex manifoldslike
aproductof circlesarenotknown to thebestof ourknowl-
edge.Thusweevaluatethedensityatall pointsin oursam-
ple andselectthepoint at which themaximumis attained.

5. Results

Experimentson real datawereperformedon a protein
macro-moleculecalledGroEL andresultswerecompared
with awidelyusedcyro-EMreconstructiontool calledElec-
tronMicrographAnalysis(EMAN) [16]. 15839projections
of GroELwereclusteredinto40classesandthecorrespond-
ing 40 classaveragesweregenerated.A few examplesof
the classaveragesareshown in Fig. 2 (c). A comparison
betweenthe initial model obtainedusing our methodand
theinitial modelobtainedusingEMAN is shown in Fig. 1.
Ourinitial modelclearlycapturesthegrossstructureof pub-
lishedhigh resolutionstructure[17], andappearsto bebet-
ter thanEMAN's initial model.Thetwo initial modelswere
re�ned usingstandardre�nementroutinesin EMAN using
all 15839projections.Fig. 6 shows theprogressof the re-
�nement stage. Our initial model re�ned to a reasonable
model by the end of two iterations(18 hoursof compute
time), while the convergenceof EMAN's initial model is
muchslower. It is worth notingthatwith anunreliableini-
tial model, not only is the rate of convergenceslow, the
probability of the initial modelconverging to the true so-
lution is very low.

Thelastiterationshown in Fig. 6 (b) and6 (d) alsoillus-
tratethe handambiguity inherentin the solution. A close
look at thetwo solutionsshowsthatoneis themirror re�ec-
tion of theother. As mentionedearlier, thehandambiguity
is resolvedby othermeansafterthereconstruction.

6. Discussion

In this paperwe consideredthe initial model problem
in uncalibratedcomputedtomography. We proposeda

Bayesiansolutionto theproblemwhich improvestheprac-
tical applicability of a theoreticalresult known for two
decades.In addition,we presenteda novel andmuchsim-
pler algebraicderivationandanalysisof uncalibratedthree
view tomography.

An interestingaspectof our MAP formulationis that it
allows for theuseof moresophisticatedpriorson theesti-
matesof thecommonlinesthantheonewehaveusedin the
paper. In particularit allows us to usethe entirematching
errorsurfaceof theRadontransformof two projectionsas
thebasisof a prior. In addition,we have not addressedthe
questionof optimalkernelbandwidthfor theMAP estima-
tor. Wehopeto addresstheseissuesin futurework.
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