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ABSTRACT number of distinct regions. This is the well known map

coloring problem in graph theory. In our case the maps are

Recent mteres_t In region bas_e_d image c_odmg has given MNSGestricted to a plane and the solution to this problem is the
to graph coloring based partition encoding methods. TheseWeII known Four Color Theorem [5]

methods are based on the four color theorem for planar graphs, The Four Color Theorem states that any planar graph

and assume that a colormg'for a gr‘?‘ph with the minimum can be colored using four colors such that no two adjacent
POSSlble numbe_r of color_s will result in the most COMPIESS- o rtices have the same color. Hence there exists a four color
|ple r_epresentanon. In this paper we S_hOW that th's_ assump-image corresponding to the image partition which will allow

tion is wrong. We show that there exist graphs with chro- s v discriminate between any two regions. This represen-

matic n.umbek that can t_)e cplored W'th.J.r 1 COIOYS result- ation places a hard upper bound of 2 bits per pixel on the
ing in bitmaps representing image partitions which are more , -~ o+ ¢ space required to store it

pompressible than the corresponding bitmaps generateq US- The existing work on using graph colorings for encod-
Ing any k .COIO“ng of the_same gra_\ph. we _Conclude with ing image partitions assumes that the minimum number of
some conjectures on optimal coloring of weighted graphs. colors required to color a graph is also the number of col-
ors required to get the smallest representation of the parti-
1. INTRODUCTION tion. In the following we shall show that this is not the case.
Graph theoretic minimality does not correspond to informa-
Region based image coding is an area that has seen tremetion theoretic minimality.
dous interest in recent years. One of the tools required fora  The rest of the paper is organized as follows. In sec-
successful region based image encoding is an efficient im-tion 2 we formally define our problem, define the notion of
age partition encoding method. The classical method for entropy of a graph coloringnd use it to contrast our prob-
solving is problem is based on using chain codes [1, 2]. lem with the standard graph coloring problem as studied in
However as the number of regions in an image partition graph theory. We then state and prove our main result. Sec-
increases, the performance of the chain coder goes dowriion 3 concludes with a discussion of our results and some
rapidly. An interesting alternative approach to the partition conjectures on optimal colorings of weighted graphs.
encoding problem is based on using lossless compression
methods on image bitmaps created by associating a single 2. GRAPH COLORING AND ENTROPY
color with all the pixels in a segment [3, 4].

The simplest way of constructing such a bitmap is to Formally the map coloring problem is formulated as a ver-
assign to each pixel a color corresponding to the index of tex coloring problem on an unweighted gra@hwhere in-
the region to which it belongs. This piecewise constant dividual vertices of a graph represent regions in the map,
bitmap can be compressed using any of the conventional im-and edges between the vertices represent adjacency rela-
age compression methods. The method while simple has anions between the region. The minimum number of colors
obvious flaw. The average number of bits per pixel required required to color the vertices of a graghsuch that no two
to store the image grows with the number of segments in theadjacent vertices have the same color is called the chromatic
image. number of the graph and is denotedpy~).

A closer look at the problem shows that we do not need Now consider the weighted grah such that with each
individual labels for each region, all that is really needed is vertexv; we associate a weight, which denotes the pro-
the ability to discriminate between adjacent regions in the portion of image pixels in the corresponding region. Since
image. So perhaps we can do with fewer colors than thewe are interested in using this coloring for compressing the



Fig. 1. A segmented image and its four colored version [6]

bitmap, we are not interested in finding just any coloring dent set/(G), such that the subgraph induced &y I(G)
of the graph. We are interested in finding tiatcoloring has chromatic numbet, i.e. x (G — I(G)) = n.

which will result in the most compressible-colored bitmap.
The entropy of the image is a measure of its compressibility.
Hence the entropy of a graph coloring is defined as:

Proof. The proof is trivial and can be demonstrated by con-
structing an example. Consider the complete gr&phWe
know thatx (K, ) = n. Consider now a new gragh’ con-

k structed as follows :
H=-Y CilogC; @
im1 1. Addn? vertices tok,,.
where N 2. Connect vertice$i*n, ..., (i+1)*n—1} to thei*?
vertex of K,,.
Ci =Y pibo(s)i )
j=i The chromatic number of’ is still n. It can now be
andg(7) is the function that maps the set of integgts. .., N} trivially shown that the maximum independent set for the
representing the segments to the set of coldrs .., k}, graphG’ is the set ofs? vertices inG’ — K,,, which in turn
and¢;; is the Kronecker Delta. The lower the color en- proves the lemma. O

tropy the higher compression we will be able to get. Hence

the aim is to construct the coloring with the lowest possible  This |eads to our main result,

entropy. This is in contrast to the classical graph coloring _ _

problem where we are interested in constructing an admis-Theorem 1. For every integerk > 1 there exist graphs

sible coloring with the fewest colors. with chromatic numbek, such that the minimum entropy
We begin with the following lemma. coloring uses more thah colors.
Lemma 1. For all integersn > 1 there exists a grapldr Proof. By Lemma 1 we know there exists a graph such that

with chromatic numbeg(G) = n and maximum indepen- removing the maximum independent set from it does not



will result when|I(G)| — 1 vertices are colored, the rest
except fork — 2 vertices are colore?l. The remaining: — 2
colors are assigned one vertex each. In the followiRgG)
denotes the color entropy of this-coloring. o denotes the
size of the independent gt G)| and 3 denotes the size of
the induced subgraglir — I(G)].

o B a B
(k—2)e ( € )
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Fig. 2. The graph?’ for k = 3 B B
1
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reduce its chromatic number. L&tbe such an unweighted
graph. LetI(G) denote the maximum independent set of (k —2)e log (5)
G. We will now associate weights with the verticesand B YA

show that there existskat1-coloring that has entropy lower (5)
than the best (minimum entrop¥}coloring of G. We shall

do this by showing that the entropy of thet+ 1—coloring The left hand side takes extremal values do 0, 1,
is bounded above by a lower bound on the entropy of the hence

minimum entropyk—coloring.

For an arbitranyd < € < 1, label each vertex id(G) 1 N k9 1
with weight1 — ¢/|I(G)], label the remaining vertices with [ | (G) > —max { <1 — ) log (1 — ) ,—— log () }
the weighte/|G — I(G)|. Now color all vertices inl (G) @ @ p p
with the colork + 1. The rest of the vertices can be colored (6)
usingk colors independent of the verticesiiiG). Now in
the worst case (entropy wise), all the vertices will be equally be
distributed amongst the remainikgcolors, resulting in the
maximum entropy. Let;,1(G) denote the entropy of this

Sincee was chosen arbitrarily we can always choete
sufficiently small so thal;. . is smaller than the lower
bound onH;. Hence the grapli with the above weight

structure has a lower entropy wikht- 1 colors than the best

k + 1 coloring. J-coloring -
ke ¢ For instance, for the graph in figure 2 for values of
Hi1(G) = —[(1—e)log(l—e)+ Y 7 log(7)] 0.1 a four colouring as described above will give a lower

= —[(1—e log(1—€)—|—elog(£)] 3
(4)

entropy than the best three coloring.

3. DISCUSSION

Now we consider the minimum entropycoloring. Since  Theorem 1 proves that even though the chromatic number
the removal of the sef(G) does not reduce the chromatic of an unweighted graph is, the minimum number of col-
number, anyk-coloring of the graphG will have at least  ors required to achieve the lowest entropy maybe more than
one vertexx: € I(G) with color different from the rest of k. This has some interesting implication and raises some
the vertices i/ (G). Hence the lowest entropy—coloring interesting questions.



1. Inour proof we have only shown that there existgraphs  to evaluating segmentation algorithms and measuring
for which the optimal number of colors that mini- ecological statistics,” inCCV, July 2001.
mizes entropy is larger than the chromatic number of . ) i
the graph. The issue of determining the optimal op- [7] M|9hael S|pser,|n'tro_duct|on to the Theory of Compu-
timal number of colors which will minimize the en- tation, PWS Publishing Company, 1996.
tropy remains open.

2. We are not aware of any work on finding colorings
that will explicitly reduce the color entropy. We con-
jecture that this problem is NP-Hard. To this end we
conjecture that the following algorithm will find the
minimum entropy coloring for the grap.

index =1
while V(G) # ¢ do
X = MaxWeightedIndependentSet(Q)
Color(X) = index
index = index + 1
G=G-X
end while

Indeed if the above above greedy algorithm is op-
timal, the problem will be trivially NP-Hard, since
identifying the Maximum Independent Set on an un-
weighted graph is an NP-Complete problem [7].

We believe further work in using map coloring for parti-
tion compression should focus on the above two settling the
above two questions.
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