
InternationalJournalof ComputerVision,Vol. no.??,IssueNo. ??,1??(1999)
c
�

1999Kluwer AcademicPublishers,Boston.Manufacturedin TheNetherlands.

The Bas-Relief Ambiguity

PETERN. BELHUMEUR
Centerfor Comp.VisionandControl, Dept.of ElectricalEngineering, Yale University, New HavenCT06520

DAVID J.KRIEGMAN
BeckmanInstitute, Universityof Illinois, Urbana-Champaign,Urbana,IL 61801

ALAN L. YUILLE
Smith-Kettlewell EyeResearch Institute, SanFrancisco,CA 94115

ReceivedNovember17,1997;RevisedNovember20,1998

Abstract. Whenanunknown objectwith Lambertianreflectanceis viewedorthographically, thereis animplicit
ambiguityin determiningits 3-d structure:we show that the object’s visible surface �������	��
 is indistinguishable
from a “generalizedbas-relief” transformationof the object’s geometry, �������	��
���������������
������������ , anda
correspondingtransformationon the object’s albedo. For eachimageof the object illuminatedby an arbitrary
numberof distantlight sources,thereexistsanidenticalimageof thetransformedobjectilluminatedby similarly
transformedlight sources. This result holds both for the illuminated regionsof the object as well as thosein
castandattachedshadows. Furthermore,neithersmall motion of the object,nor of the viewer will resolve the
ambiguity in determiningthe flattening(or scaling) � of the object’s surface. Implicationsof this ambiguityon
structurerecoveryandshaperepresentationarediscussed.
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1. Introduction

Sinceantiquity, artisanshave createdflattenedforms,
i.e., so-called“bas-reliefs,” which whenviewed from
a particularvantagepoint aredifficult, if not impos-
sible, to distinguishfrom full reliefs. SeeFigure 1.
As the sun moves throughthe sky, the shadingand
shadowschange,yet thedegreeof flatteningcannotbe
discernedon well sculptedbas-reliefs.Evenif anob-
server’sheadmovesby asmallamount,thisambiguity
cannotberesolved.Thispaperdoesnotsimplypresent
anexplanationfor theeffectivenessof relief sculpture,
but demonstratesthat the ambiguity is implicit in re-
coveringthestructureof any object.

Considerthesetof imagesproducedby viewing an
object from a fixed viewpoint, but underall possible

combinationsof distantlight sources.An ambiguityin
determiningthe object’s structurearisesif thereexist
otherobjectsthatdiffer in shapeyetproducethesame
setof images.We show thatthereexistsa wholefam-
ily of transformations,termed“generalizedbas-relief
transformations,” for which this is true.

A generalized bas-relief (GBR) transformation
changesboththesurfaceshapeandalbedopattern.In
particular, if �����	��
 denotesthecoordinatesof pointsin
animageplane,and  !�"����������
 denotesthedistance
from an object’s surfaceto the imageplane,a gener-
alizedbas-relieftransformationof thesurfaceshapeis
givenby ��������	��
#�$���������	��
%�&���!�'��� with �)(+* ,
andthecorrespondinggeneralizedbas-relieftransfor-
mationof thesurfacealbedois givenby Eq.3. Relief
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Fig. 1. Frontal and side views of a pair of marblebas-reliefsculptures:Notice how the frontal views appearto have full
3-dimensionaldepth,while the sideviews reveal the flattening– thesculpturesrise only 5 centimetersfrom the background
plane.While subtleshadingis apparentonthefaces,theshadows onthewomen’s pleatsarethedominantperceptualcuein the
body.

sculpturesareconstructedusinga subsetof thetrans-
formationon shapewith *-,$�&,/. and �'�0�-�1*
but without – to the bestof our knowledge– thecor-
respondingtransformationonalbedo.Bas-reliefs(low
reliefs)areusuallydefinedashaving ��,'*�243 .

Yet the subtletiesof the bas-reliefambiguity may
have eludedRenaissanceartists. Leonardoda Vinci,
while comparingpaintingandsculpture,criticizedthe
realismaffordedby reliefs[15]:

As faraslight andshadeareconcernedlow relief
fails both as sculptureand as painting, because
the shadows correspondto the low natureof the
relief, asfor examplein theshadowsof foreshort-
enedobjects,which will not exhibit thedepthof
thosein paintingor in sculpturein theround.

It is true that – when illuminatedby the samelight
source– a relief surface( �-,5. ) anda surface“in the
round” ( ���$. ) will castdifferentshadows. However,
Leonardo’scommentappearsto overlookthefactthat
for any classicalbas-relieftransformationof the sur-
face, there is a correspondingtransformationof the
light sourcedirection suchthat the shadows are the
same.This is not restrictedto classicalreliefsbut, as
wewill show, appliesequallyto thegreatersetof gen-
eralizedbas-relieftransformations.

Thefact thatanobjectandevery GBR transforma-
tion of the object producethe sameshadow regions
arisesfrom an implicit duality. For eachimage of
a Lambertian[20, 11] surface � viewed underortho-
graphicprojection(parallellinesof sight)andillumi-
natedby a distantlight source6 (e.g.,the sun),there

exists an identical image of a GBR surface �� with
transformedalbedoproducedby a transformedlight
source �6 . This equalityholdsnot only for the shad-
owedregionsof thesurfaces,but for theshadingin the
illuminatedregionsaswell. Furthermore,dueto su-
perposition,theequalityholdsfor anarbitrary– possi-
bly infinite – numberof light sources.It will beshown
in theAppendixthatfor objectswith convex shapethe
generalizedbas-relieftransformationis theonly trans-
formationwith this property:noothersuchambiguity
exists.

Thus,from a singleviewpoint, thereis anambigu-
ity in determiningthe 3-d Euclideangeometryof a
surface: one can – at best– determinethe relief of
the surfaceup to a threeparameterfamily of linear
transformations.No informationin eithertheshadow-
ing or shadingof the surfacecanresolve this. Yet, if
theviewermovesrelativeto thesurface,or thesurface
movesrelative to theviewer, canthis ambiguitybere-
solved?

As discussedby Helmholtz [32], image changes
producedby an observer’s motion reveal both the
depthandshapeof viewedobjects.For anobjectun-
dergoing rigid motion and viewed underperspective
projection,theobject’sEuclideanstructurecanbede-
terminedfrom asfew astwo images[22, 25, 33]. If
the object is viewed orthographicallyin two images,
its structurecanonly berecoveredup to a oneparam-
eterfamily of affinedistortions[13]. For infinitesimal
motion underorthographicprojection,thereis a gen-
uinebas-reliefambiguity:theshapeof thesurfacecan
only berecoveredup to a scalefactorin thedirection
of thecamera’s opticalaxis, i.e., a classicalbas-relief
transformationfor which � is unknown [17].
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Fig. 2. Three-dimensionaldatafor thehumanhead(top row) wasobtainedusinga laserscan(Cyberware)andrenderedasa
Lambertiansurfacewith constantalbedo(equalgrey valuesfor all surfacepoints). The subsequentthreerows show images
of headswhoseshapeshave beentransformedby differentgeneralizedbas-relieftransformations,but whosealbedoshave not
beentransformed.Theprofile views of the facein the third columnreveal thenaturethe individual transformationsandthe
directionof the light source. The top row imageis the true shape;the secondfrom top is a flattenedshape( 7)819;: <>= (as
areclassicalbas-reliefs);thethird is anelongatedshape( 7!8@?A: < ); andthebottomis a flattenedshapeplusanadditive plane
( 7B8C9;: D , E�8@9F: < , and GH8C9;: 9 ). The first columnshows frontal views of the facesin the third column. From this view
thetrue3-d structureof theobjectscannotbedetermined;in eachimagetheshadowing patternsareidentical,andeventhough
thealbedohasnot beentransformedaccordingto Eq. 3, theshadingpatternsaresocloseasto provide few cuesasto thetrue
structure.Thesecond columnshows nearfrontal views of the facesfrom thesamerow, after having beenseparatelyrotated
to compensatefor thedegreeof theflatteningor elongation.Therotationabouttheverticalaxis is D>I for thefirst row of the
secondcolumn; ?KJ I for thesecondrow; J;: L I for thethird; and ?MJ I for thefourth row. To masktheshearingproducedby the
additive plane,thefourth row hasalsobeenrotatedby < I abouttheline of sight.
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Beyondexplainingtheeffectivenessof relief sculp-
tures,thegeneralizedbas-reliefambiguityalsohasim-
plicationsfor ourunderstandingof humansurfaceper-
ceptionandfor thedevelopmentof computationalvi-
sion algorithms. Our resultssupportthe recentpsy-
chophysicalfindingsof [19] that for a variety of sur-
facesthis ambiguityexists andis oftenunresolved in
thehumanvisualsystem.Likewise,theresultssuggest
that the aim of structurerecovery might be a weaker
non-Euclideanrepresentation,suchas an affine rep-
resentation[17, 26, 27, 31], a projective representa-
tion [7], or anordinalrepresentation[8]; for many ap-
plications,machinevision systemsneednot resolve
this ambiguity.

In summary, this paper will make the following
points:N Thesetof castandattachedshadowsproducedby

asurfaceandaGBRtransformedsurfaceareiden-
tical, irrespectiveof thematerialtype.N If the materialcan modeledas having Lamber-
tian reflectance,then the set of possibleimages
including shadowing under any lighting condi-
tion (illumination cone[3, 4]) for anobjectanda
GBR transformedobjectareidentical. (Note the
GBRtransformationaltersboththesurfacegeom-
etry andsurfacealbedo.)Therefore,theseobjects
cannotbedistinguishedby any recognitionalgo-
rithm.N The generalizedbas-relieftransformationis the
only transformationwhich has these first two
properties.N Underorthographicprojection,the setof motion
fieldsproducedby a surfaceandits classicalbas-
relief areidentical[13, 17]. Therefore,anobject
andits relief cannotbe distinguishedfrom small
unknown cameramotion.N For photometricstereowherethe light sourcedi-
rectionsare unknown, the structurecan only be
determinedupto ageneralizedbas-relieftransfor-
mation,andshadowsdonotprovidefurtherinfor-
mation.Usingprior informationaboutthealbedo
andlight sourcestrength,thestructurecanbede-
terminedupto areflectionin depth.Castshadows
canbeusedto distinguishthesetwo cases.

Illustrating the GBR ambiguity, Fig. 2 shows four
graphicallyrenderedhumanheads:a “normal” head
and three distorted headsobtainedthrough a GBR
transformationof the original. When the headsare

observedfrontally andunderappropriatelypositioned
light sources,the resultingimagesareso similar that
theirdifferencesprovidefew cuesto thetruestructure.
Evenwhentheheadis rotatedby a smallamount,the
ambiguitycannotbe resolved. Only througha large
motion(e.g.,thesideviews) is thebas-relieftransfor-
mationrevealed.

2. Bas-Relief Ambiguity: Illumination

In this sectionwe presentdetailsexplainingthecom-
plicity of factorsthatgive rise to thegeneralizedbas-
relief ambiguity. In particular, we show that thereis a
duality betweena particularsetof transformationsof
an object’s shapeandthe light sourceswhich illumi-
nateit. Herewe considerdistantillumination (paral-
lel illuminating rays)of objectsviewed underortho-
graphicprojection(parallellinesof sight).

Consider a surface observed under orthographic
projectionanddefinea coordinatesystemattachedto
the imageplanesuchthat the O and P axesspanthe
imageplane. In this coordinatesystem,the depthof
everyvisible point in thescenecanbeexpressedas Q�R�������	��

where � is a piecewise differentiablefunction. The
graph of ����������
 , i.e., �������S�K�������	��
	
 , definesa sur-
facewhich will alsobe denotedby � . The direction
of the inwardpointingsurfacenormal T������	��
 canbe
expressedas

T������	��
U� VWYX �[ZX �[\. ]^
(1)

where �[Z and �F\ denotethe partial derivatives of �
with respectto � and � respectively.

Considertransformingthe surface � to a new sur-
face �� in the following manner. We first flatten (or
scale)it alongthe _ axisandthenadda plane,i.e.,�����������
`�R�a����������
��)���b�c���
where �ed�f* [5]. We call this transformationthe
generalizedbas-relief(GBR) transformation.SeeFig-
ures2 and3. When �+�g* and �h�i* , we refer to
thisastheclassicalbas-relieftransformation,sincefor
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�j,0. the surfaceis flattenedlike classicalbas-relief
sculptures.

Note that if k � �������S�K�������	��
	
 and �k ������	�S�������������
�
 , then �kl�hmnk wheremC� VW ./*/**o."*�g�/� ]^ 2 (2)

Underthe matrix productoperation,the set mqpQri�s mut formsa subgroupof mqvw��xy
 with

muz|{}� .� VW � * ** � *X � X ��. ]^ 2
Also, notethat for imagepoint �����	��
 , therelationbe-
tweenthe directionof the surfacenormalof �� and �
is given by ~T/�om zS� T where m za�/� ��m � 
 z�{ ���m z|{ 
 � . As will be seenin Section4, this is the
only lineartransformationof thesurface’snormalfield
which preservesintegrability.

Let thevector 6 denotea point light sourceat infin-
ity, with themagnitudeof 6 proportionalto the inten-
sity of the light source. (For a more generalmodel
of illumination, e.g., one that doesnot restrict light
sourcesto beat infinity, see[21].) We first show that
shadowing on a surface � for somelight source6 is
identicalto thaton a GBR transformedsurface �� with
anappropriatelight source�6 ; we thenshow thatif the
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Fig. 3. The imagepoints that lie in shadow for a surface
underlight source� are identical to thosein shadow for a
transformedsurfaceunderlight source���8���� . In this 2-d
illustration, the lower shadow is an attachedshadow while
the upperoneis composedof both attachedandcastcom-
ponents.A generalizedbasrelief transformationwith both
flatteningandanadditive planehasbeenappliedto the left
illustration,yielding theright one.For diagrammaticclarity,
thesurfacenormalsaredrawn outward.

surfacesareLambertian,thesetof all possibleimages
of bothsurfacesareidentical.

2.1. Shadows

Wecanidentify two typesof shadows: attachedshad-
owsandcastshadows[2, 28]. SeeFigure3. A surface
point k5�o�����	�S�K����������
�
 lies in an attachedshadow
for light sourcedirection 6 if f T���������
 � 6�,�* . This
definitionleadsto thefollowing lemma.

Lemma 1. A point k��f�����	�S�K����������
�
 lies in an
attachedshadowfor light source direction 6 iff �k���������S� �������	��
	
 lies in an attached shadowfor light
sourcedirection �6w��mq6 .
Proof: If a point k on � lies in anattachedshadow,
then T � 6�,C* . On the transformedsurface,thepoint�kH�5�������a����������	��
	
 alsoprojectsto ��������
 , andfor this
point �T � �6H����m zS� T�
 � mq6-��T � 6 . Therefore, �k is
alsoin anattachedshadow. Theconverseclearlyholds
aswell.

A necessarycondition for a point on the surfacek { ����� { ��� { �M����� { �	� { 
	
 to fall on the cast shadow
boundaryfor light sourcedirection 6 is that thereex-
istsanotherpoint k�n�����a�;���;�[�K�������y�	�;�A
	
 on thesur-
facesuchthat the light ray in the direction 6 passing
through k� grazesthesurfaceat k�� andintersectsthe
surfaceat k { . Thepoint k�� is theboundaryof anat-
tachedshadow.

Lemma 2. A point kj�/�����	�S�K�������	��
�
 satisfiesthe
necessaryconditionfor lying ona castshadowbound-
ary for light sourcedirection 6 iff �k'�������	�S����������	��
�

satisfiesthe condition for light source direction �6H�mq6 .
Proof: The condition for a point k { to be on a
shadow boundarycastby k� is that� T �� 6#��*k�� X k { ���S6
for some�),�* . For thetransformedsurface,thefirst
conditionfor a point to beon theshadow boundaryis�T �� �6w�5��m za� T��A
 � mq6w�hT �� 6��h*�2
UndertheGBR transformation�k&�+mnk , andthesec-
ond conditioncanbe expressedfor the relief surface
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as �k � X �k { X �� �6C��m���k � X k { 
 X ���mq6����k�� X k { 
 X ��S6w��*�2
This conditionclearly holdswhen ��R��� . The con-
verseof this lemmacanbesimilarly proven.

This lemmabecomesbothnecessaryandsufficient
for a point to lie on a shadow boundarywhentheray
from k { passingthrough k�� doesnot intersectany
otherportionof thesurfacefor both � and �� . In gen-
eral,this is truewhen �B(&* .

Takingthesetwo lemmastogether, it follows thatif
someportion of the surface � is in a castor attached
shadow for a light sourcedirection 6 , thenif the sur-
faceis subjectto aGBRtransformationm , thereexists
a lighting direction �6w��mq6 suchthatthesameportion
of the transformedsurfaceis also shadowed. Let us
specify theseshadowed regions – both attachedand
cast– througha binaryfunction �n�>� �[��������
 suchthat

�n�>� �[�����	��
`� � * if ��������
 is shadowed. otherwise.

Usingthisnotationandtheabovetwo lemmas,wecan
thenwrite � �>� � �����	��
`�R�H��F� �� �����	��
 .

We should stressthat the shadowing �n�>� �[�����	��

from direct illumination by a light sourceis a func-
tion of theobject’s geometry– it is unaffectedby the
reflectancepropertiesof thesurface.{ For any surface,
any light sourcedirection,andany GBR transforma-
tion of that surface,thereexists a light sourcedirec-
tion suchthat the shadowing will be identical. Fur-
thermore,the GBR transformationis the only trans-
formationfor which this is true.SeetheAppendixfor
a proof for objectswith convex shape.

2.2. Shading

We now show that if the surfacereflectanceis Lam-
bertian[11, 20], thenthe setsof imagesproducedby
a surface(i.e., the surface’s illumination cone[3, 4])
anda transformedsurfaceunderall possiblelighting
conditionsareidentical.Letting thealbedoof a Lam-
bertiansurface � bedenotedby �S�����	��
 , the intensity
imageproducedby a light source6 canbe expressed
as � �>� �A� � �����	��
`�@� �>� � �����	��
��������	��
 � 6

where�������	��
 is theproductof thealbedo�S��������
 and
theinwardpointingunit surfacenormal �T������	��
 .

As shown in thefollowing lemmawhenthegeome-
try of � is transformedto �� , theremustalsobea cor-
respondingtransformationof thealbedogivenby

��u� ��h  �¡��� Z �)��
 � �h�¡��� \ �&��
 � ��.� �Z �&� �\ ��. ¢¤£¥ 2 (3)

The effect of applyingEq. 3 to a classicalbas-relief
transformation*/,��g,¦. is to darken points on
thesurfacewhereT pointsaway from theopticalaxis.
Notethatalbedoandgeometrictransformationaredis-
cussedin [18].

Lemma 3. For each light source 6 illuminating a
Lambertiansurface�������	��
 with albedo �S�����	��
 , there
existsa light source �6 illuminating a surface ����������

(a GBRtransformationof � ) with albedo ��S�����	��
 (as
givenin Eq.3), such that § �>� �A� ¨ ��������
��h§|��;� ��A� �� �����	��
 .
Proof: Theimageof � is givenby§©�>� �ª� �ª��������
��R�n�>� �ª�����	��
«� � ��������
	6
For any xb¬�x invertiblematrix  , wehave that§©�>� �A� �[�����	��
U���n�>� �[�����	��
�� � �����	��
� z�{ #6y2
Sincemqp®r is asubgroupof mqv#��xy
 and �n�>� �[�����	��
`��-��[� �� �����	��
 ,§©�>� �A� �F�����	��
j���n�>� �[�����	��
�� � �����	��
�m z|{ mq6���H��;� �� �����	��
 �� � ��������
 �6��§|��y� ��A� � � ��������

where ��������	��
U��m zS� �������	��
 and �6w��mq6 .

Thetransformationon thealbedogivenby Eq.3 is
subtleandwarrantsdiscussion.For � closeto unity,
the transformationon albedois nearly impossibleto
detect. That is, if you transformthe shapeof a sur-
faceby a GBR transformation,but leave the albedo
unchanged,then the differencesin the imagespro-
ducedundervarying illumination seemtoo small to
reveal the structure.In Fig. 2, we left the albedoun-
changed,��S�����	��
U���S�����	��
¯� andeventhough � ranges
from 0.5to 1.5,thedifferencesin shapecannotbedis-
cernedfrom the frontal images. However, when the
albedois unchangedandtheflatteningis moresevere,
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e.g., tenfold ( �@�°*�2±. ), the shadingpatternscan re-
veal the flatnessof the surface. This effect is often
seenon very low relief sculptures(e.g., Donatello’s
rilievoschiacciato) which reproduceshadowing accu-
rately, but shadingpoorly.

For thesetof imagesto be identicalit is necessary
that thealbedobe transformedalongwith thesurface
and �+(�* . When �+,�* , the surface �� is inverted
(asin intaglio); for a correspondingtransformationof
the light source�6 , the illuminatedregionsof theorig-
inal surface � and the transformedsurface �� will be
the same. This is the well known “up/down" (con-
vex/concave) ambiguity. However, the shadows cast
by �� and � maydiffer quitedramatically.

With theabove threelemmasin hand,we cannow
stateandprovethecentralpropositionof thissection:

Proposition 1. Thesetof imagesunderall possible
combinationsof distant light sourcesproducedby a
Lambertiansurface � with albedo �a��������
 and those
surfaces �� differing by any GBRtransformationwith
albedo ��S�����	��
 givenbyEq.3 are identical.

Proof: FromLemmas1, 2, and3, we have that the
imageof asurface� producedby asinglelight source6 is the sameas the image of a GBR transformed
surface �� producedby the transformedlight source�6w�hmq6 , i.e., § �>� �ª� � ��������
���§|��y� ��>� �� �����	��
²2 Whentheob-
ject is illuminatedby a setof light sources

s 6>³�t , then
theimageis determinedby thesuperpositionof those
imagesthatwouldbeformedundertheindividuallight
sources.Similarly, the sameimagecanbe produced
from thetransformedsurfaceif it is illuminatedby the
setof light sourcesgivenby

s �6 ³ ty� where �6 ³ �0mq6 ³ .
Taken together, the above resultsdemonstratethat

whenboth the surfaceand light sourcedirectionare
transformedby m , both the shadowing and shading
are identical in the imagesof the original and trans-
formedsurface. An implication of this result is that
givenany numberof imagestakenfrom a fixedview-
point,neithera computervision algorithmnorbiolog-
ical processcandistinguishtwo objectsthatdiffer by
a GBR transformation.Knowledge(or assumptions)
aboutsurfaceshape,surfacealbedo,light sourcedi-
rection,or light sourceintensitymustbeemployedto
resolve this ambiguity. SeeagainFig. 2.

3. Bas-Relief Ambiguity: Motion

While neither the shadingnor shadowing of an ob-
ject,seenfrom asingleviewpoint,revealstheexact3-
d structure,motiondoesprovide additionalcues[32].
If thesurfaceundergoesa rigid motionandis viewed
under perspective projection, the object’s Euclidean
structurecanbe determinedfrom as few as two im-
ages[22, 25, 33]. If theobjectis viewedorthograph-
ically, the object’s structurecan only be determined
upto aoneparameterfamily of affinedistortionsfrom
two images[17]. To determinetheEuclideanstructure
underorthographicprojection,at leastthreeimages,
takenfrom separateviewpoints,areneeded.

Yet,complicationsarisewhentheobject’smotionis
small.For infinitesimalmotionunderperspectivepro-
jection, the structureestimatesaresensitive to noise,
producinganimplicit errorin theestimateof therelief
of the surface[24, 30]. For small (infinitesimal)un-
known motionunderorthographicprojection,thereis
a genuinebas-reliefambiguity: the shapeof the sur-
facecanonly be recoveredup to a scalefactorin the
directionof the camera’s optical axis, i.e., a classical
bas-relieftransformation( ��('*��	�´�h�!�h* ).

To seethis, let us assumethat the surfacedoes,in
fact, undergo an arbitrary infinitesimal motion. The
velocity µk��$� µ�� µ�a� µ �
 of a point k��������a�K ¶
 on thesur-
face � inducesa velocity � µ��� µ��
 in the imageplane.
The collection of velocitiesfor all points in the im-
ageplaneis oftencalledthe motionfield [11]. In the
following proposition,we show that thesetof motion
fieldsinducedby all 3-d infinitesimalmotionsof asur-
face � is the same,underorthographicprojection,as
thesetof all motion fieldsof a surfacediffering by a
classicalbas-relieftransformation(not a generalized
bas-relieftransformation).

Proposition 2. Thesetof motionfieldsinducedby
all 3-D infinitesimal motionsof a surface � is the
same, under orthographic projection, as the set of
all motionfieldsof a surfacediffering by a bas-relief
transformation ��������	��
`�R���������	��
 where �ld�h* .
Proof: Let ·'�5�¡· Z �M· \ �K·�¸ª
 and ¹-�+��¹ Z ��¹ \ �	¹|¸[

respectively denotethe angularandlinear velocity of
the surface � with respectto the observer. The 3-d
velocity of a point k on � is µkc�+·R¬�kB�c¹ . For the
transformedsurface, �k)��mnk with �´������* , andthe
velocityof thepoint is givenby µ�kH� �·�¬���mnk�
�� �¹ . It
is easyto show thatthemotionfieldsfor bothsurfaces
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will be identical(i.e., µ�)� µ�� and µ�º� µ�� ) when �¹ Z �¹ Z , �¹ \ ��¹ \ , �·�¸��h·�¸ , �· Z �R· Z¶» � and �· \ �R· \;» � .
Thatis, thecomponentof theangularvelocityparallel
to the imageplaneis scaledinverselywith respectto
the relief. Thus,for every motion � thereis a motion
of �� that will yield the samemotion field andso the
setof motionfieldsis identical.
This proof follows theresultsin [17, 26]. An implica-
tion of Proposition2 is thatunderorthographicprojec-
tion,asmallmotionof eithertheobjector theobserver
cannotresolve thebas-reliefambiguity. Furthermore,
sincethemotionfield is linearin ����������
 , theclassical
bas-relieftransformationis theonly transformationof� thatwill bepreservethesetof motionfields.

Revisit the secondcolumnin Figure2. Theimage
producedby the“normal” relief aftera rotationof ¼F½
from frontal is nearlyidenticalto theimagesproduced
by arotationof .©¾¶½ for theflattenedheadand ¾�2 ¿¶½ for
the elongatedhead. No rotation,however, will com-
pletely disguisethe distortionsproducedby the bot-
tom imagein the secondrow where �hd�1* ; herewe
rotatedthe headby .>*¶½ aroundthe vertical axis and
thenby 3 ½ abouttheline of sight.

4. Integrability, Reconstruction, and the Bas-
Relief Ambiguity

In this section, we investigatethe role of the gen-
eralizedbas-reliefambiguity on surface reconstruc-
tion using photometricstereo. Let us assumethat
a Lambertiansurfaceis illuminated by a point light
sourceat infinity. Whenthereis no shadowing (i.e.,� �>� � �����	��
B�À. ), the intensity imageproducedby a
light source6 canbeexpressedas

� �>� �A� � ��������
`���������	��
 � 6 (4)

where ����������
 is the productof the albedo �S�����	��
 of
the surfaceandthe inward pointing unit surfacenor-
mal �T������	��
 . Frommultiple imagesof theobjectseen
from a fixedviewpoint but with differentlight source
direction, we can solve Eq. 4 for � when the light
sourcestrengthsand directionsare known. This, of
course,is the standardphotometricstereotechnique,
see[11, 29,34].

However, if thelight sourcestrengthsanddirections
arenot known, thenwe canonly determinethevector
field �������	��
 of surfacenormalsandalbedosup to ax�¬-x linear transformation.For any invertible x�¬-x

lineartransformationCÁBmqvw��xy
 [10, 5, 26]���6w�+��Y�%
���qzS��6y2 (5)

Notethatnumerousvisionproblemshavethisbilinear
form anda similar linearambiguity[18].

If ����������
 is thetruevectorfield of surfacenormals,
thenthe recoveredvectorfield �%Ây�����	��
 is any vector
field in the orbit of ����������
 underthe group mqvw��x¶
 .
For apixelatedimagewith nosurfacepoint in shadow,�%Â canbeestimatedfrom acollectionof imagesusing
singularvaluedecomposition;whensomeof the sur-
facepointsareshadowed,Jacobs’methodcanbeused
to estimate�%Â [14]. Note, however, that not all vec-
tor fields �%Â;�����	��
 correspondto continuous(or even
piecewise continuous)surfaces.We will usethis ob-
servationto restrictthegroupof allowabletransforma-
tionson ����������
 [5].

If � is transformedby an arbitrary ÃÁÄmqv#��x¶

(i.e., any vector field �`Ây�����	��
 in the orbit of � un-
der mqv#��xy
 ), thenin general,therewill be no surface�|Â[�����	��
 with unit normal field �T%ÂF��������
 and albedo��Â;�����	��
 that could have producedthe vector fieldÅ Â[�����	��
 . For �|Â;��������
 to be a surface,it mustsatisfy
thefollowing integrability constraint[12]:� ÂZA\ �R� Â\¯Z
which, in turn,means� Â ��������
 mustsatisfy  Å Â{Å ÂÆ ¢ \ �   Å Â�Å ÂÆ ¢ Z (6)

where �`Â¤�g� Å Â{ � Å Â� � Å ÂÆ 
 � andthe subscripts� and �
denotepartialderivatives.

Proposition 3. If �������	��
 correspondsto a surface����������
 with albedo �S��������
 , then the set of linear
transformation�`ÂF�����	��
U��Y�������	��
 which satisfythe
integrability constraint in Eq. 6 are 1�"m zS� where
the generalizedbas-relief transformationsm is given
in Eq.2.

Proof: The integrability constraintgiven in Eq. 6
canbewrittenas � Å Â{	Ç X Å Â�MÈ 
 Å ÂÆ � Å ÂÆ È Å Â� X Å ÂÆ Ç Å Â{ �@* .Letting w³4É be the ÊM�¡Ë -th elementof  , and recall-
ing that � Â �0#� , the left handsideis a function ofÅ ³	�����	��
¯� Å ³ÌÈ������	��
 and

Å ³ Ç ��������
 for Êw��.;�KÍ���x . Since
thesefunctionsaregenerallyindependent,the coeffi-
cientsof thesefunctionmustall vanishfor theintegra-
bility constraintto hold for all �����	��
 . This leadsto the
following algebraicconstraintson theelementsof  .
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Sincethis systemis homogeneous,for any  satis-
fying this system,Ò¶ alsosatisfiesthe system;vary-
ing Ò correspondsto changingthe light sourceinten-
sity while making a correspondingglobal scalingof
thealbedofunction. It canbeshown that if  Æ�Æ �5* ,
thematrix  satisfyingtheconstraintsis singular. So
we canlet  ÆKÆ �". , andsolve for theremainingcoef-
ficients. Theonly nonsingularsolutionis  {�{ �$w���
and  { �u�$#� { �" Æ { �$ Æ �u�$* . That is,  must
bea generalizedbas-relieftransformation.

The choice of �`Ây��������
 is, of course,not unique
since �`Â;��������
´�omn� satisfiesthe integrability con-
straint for any mÓÁRmqp®r . Yet, every � Â hasa cor-
respondingsurface �|Â with a correspondingalbedo�S�����	��
 , andthesesurfacesdiffer by a GBR ambigu-
ity. Thus,if we have at leastthreeimages– eachac-
quired underdifferent light sourcedirections– of a
Lambertiansurface ����������
 , thenby imposingthe in-
tegrability constraintin Eq.6, we canrecover thesur-
face �������	��
 up to a GBR transformation ����������
º��a����������
��R���´�C���S2 See[35] for a methodto esti-
matean integrable

Å Â from imagedata. Note that no
information given in the imageshadows can resolve
this ambiguity, asSection2 showedthat thesetof all
possibleimagesof a surface�������	��
 is invariantunder
the GBR transformation.It shouldbe notedthat Fan
andWolff showed that the Hessianof �������	��
 canbe
determinedfrom threeimagesup to scalefactorusing
the integrability constraintto enforceequalityof the
off-diagonalelements,� Z>\ ��� \¯Z [6]. The unknown
scaleof the Hessiancorrespondsto the parameter�
andtheunknown initial conditionsof FanandWolff ’s
differential equationcorrespondto the parameters�
and � .

If, however, we have additionalinformationabout
thealbedoor the strengthof the light sourceswe can
furtherrestricttheambiguity.

Corollary 1. If the albedo �S�����	��
 is constant(or
known),or the light sources 6A³ all havethe same(or
known) intensity, then the GBR ambiguity m is re-
strictedto thebinary subgroupgivenby ���RÔ®.y�	�º�*�� and ����* .

Proof: If �S�����	��
�� Õ �������	��
©Õ is constant (or
known), thenfor Õ ����������
©Õy�$Õ �%Â;�����	��
©Õ¶�"Õ Y�������	��
©Õ , mustpreserve lengthfor any � . Theonly matrices
thatpreservelengtharetheorthonormalmatrices.The
only orthonormalmatricesthatarealsoGBRtransfor-
mationscorrespondto �´�"Ô®.;���H�C*�� and ���C* . A
similar argumentholdswhenthe light sourceintensi-
tiesareknown.

Thus, we can determinethe true surface up to a
sign, i.e., ��������	��
��ÖÔn�������	��
 . This is the classi-
cal in-out ambiguity that occursin shapefrom shad-
ing [11, 23]. Note however, that the shadowing con-
figurationschangewhen � changessign,andif shad-
owing is present,this ambiguitycanberesolved.

In contrastto [10], it is worth noting that the sur-
face cannotbe recoveredusing known albedo(e.g.
the white world assumption)alone. This assumption
only allows one to restrict  to orthogonaltransfor-
mation(rotationandreflections).While it mightseem
that rotation of a normal field (as representedin the� field) would simply correspondto a rotatedsurface,
the resultingnormalfield is not integrableandthere-
foredoesnot correspondto asurface.

5. Conclusion

We have shown thatunderany lighting condition,the
shadingandshadowing on anobjectwith Lambertian
reflectanceare identical to the shadingand shadow-
ing onany generalizedbas-relieftransformationof the
object. The GBR transformationis uniquein that it
is the only transformationof the surfacehaving this
property. Thus, from a singleviewpoint, thereis an
ambiguityin therecovery of thesurface:we canonly
determinetherelief of thesurfaceupto athreeparam-
eterfamily of linear transformations.No information
in either the shadowing or shadingcan resolve this.
Furthermore,not even the motion fields producedby
smallmotionsof theviewer(or object)canresolvethe
surfacerelief.

Leonardoda Vinci’s statementin the introduction
thatshadowsof relief sculptureare“foreshortened”is,
strictly speaking,incorrect. However, reliefs areof-
ten constructedin a mannersuchthat the castshad-
ows will differ from thoseproducedby sculpturein
the round. Reliefs have beenusedto depict narra-
tives involving numerousfigures locateda different
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depthswithin thescene.Sincethe slabis usuallynot
thick enoughfor the artist to sculptthe figuresto the
proper relative depths,sculptorslike Donatello and
Ghiberti employed rules of perspective to determine
the sizeandlocationof figures,sculptingeachfigure
to the properrelief [16]. Barring the effectsof con-
stantalbedo,theshadingandshadowing for eachfig-
ure is self consistent;however, theshadowscastfrom
onefigureontoanotherareincorrect.Furthermore,the
shadows castonto thebackgroundslab,whoseorien-
tation usually doesnot correspondto that of a wall
or floor in the scene,are also inconsistent. Thus,
Leonardo’s statementis an accuratecharacterization
of complex reliefssuchasGhiberti’sEastDoorsonthe
Baptisteryin Florence,but doesnot apply to figures
sculptedsingly suchastheonesshown in Figure1.

Putting the subtletiesof relief sculptureaside,we
shouldpointout thatwhile shadowing is preservedex-
actly underGBR transformationsof an object, there
are certainshadingeffects which are not. Specular-
ities arising from non-Lambertian(glossy) surfaces
andtheeffectof inter-reflectionof light from onepart
of a surfaceonto anotherdependon the surfacere-
lief. Nevertheless,theseeffects may be secondary
in that they may not allow a humanobserver to re-
solve the GBR ambiguity – even when viewing a
known object. Recently, Koenderink,VanDoornand
Christonperformedaseriesof psychophysicalexperi-
mentsin which subjectsobserve imagesof sculptures
(oneabstractandonetorso)andprovide estimatesof
the orientationof the surface normalsat about 300
points[19]. Sincetheestimatedvectorfield of normals
satisfiesanintegrability constraintfor all subjects,this
experimentprovidesevidencethathumansmaintaina
surfacerepresentationof anobservedscene.Further-
more,while thesubjectscorrectlyestimatetheoverall
shapeof the surface,they consistentlymiss-estimate
its relief andslant.

Thenatureof GBRambiguityandits apparentpres-
encein thehumanvisualsystemsuggestthatmachine
vision systemswill also be similarly impaired. One
objective of computervision is the recovery of mod-
els of surfacesfrom multiple images.In photometric
stereo,theEuclideanstructureis estimatedfrom mul-
tiple imagesof a scenetaken from a fixed viewpoint,
but underdifferent lighting conditionsfor which the
illuminant directionsare known [11]. While it had
beenthought that photometricstereowith unknown
light sourcedirectionscould be solved by first esti-

matingthelight sourcedirectionsandthenestimating
the surfacestructure,this paperhasshown that these
estimatesarecoupledthrougha GBR transformation.
Theonly wayto resolvetheseambiguitiesis to usead-
ditionalinformationbesidethatcontainedin theimage
data[10, 5, 35].

Recently, it has beenproposedthat structurere-
covery methodsshouldbe stratifiedaccordingto the
availableinformationaboutthe imageformationpro-
cess[7, 17, 26]. Sofor example,theEuclideanstruc-
tureof a sceneobservedunderperspective canbe re-
coveredfrom two imageswhen the camera’s intrin-
sic parameters(e.g.,focal length,principal point) are
known. When they are unknown, the structurecan
only be recoveredup to a projective transformation.
Here, we introducea new layer of the stratification
betweenaffine and Euclideanstructure. Thesenon-
Euclideanrepresentations(affine[17,26,27,31], pro-
jective [7] or ordinal [8]), can still be usedto solve
numerousvision-basedtaskssuchasobjectandface
recognition[9], vehiclenavigation,roboticmanipula-
tion andsyntheticimagegenerationwithoutresolution
of theseambiguities.

Appendix: Uniqueness of the Generalized Bas-
Relief Transformation

Hereweprovethatthegeneralizedbas-relieftransfor-
mationis uniquein that thereis no othertransforma-
tion of theobject’s surfacewhich preservesthesetof
imagesproducedby illuminating the object with all
possiblepoint sourcesat infinity. We consideronly
thesimplestcase– asmoothobjectwith convex shape
castingnoshadowsonits own surface– andshow that
the setof attachedshadow boundariesand, thus, the
setof imagesarepreserved only undera GBR trans-
formationof theobject’s surface. In its currentform,
the proof requiresthat objecthasa collectionof sur-
facenormalscovering the Gausssphereand that the
object’soccludingcontouris entirelyvisible.

Recall that an attachedshadow boundary is de-
finedasthecontourof points �������a�M�������	��
	
 satisfyingT � 6w��* , for some6 . Herethemagnitudeandthesign
of the light sourceareunimportantasneithereffects
the locationof the attachedshadow boundary. Thus,
let the vector 6o�o�¡× { �M× � �K× Æ 
 � denotea point light
sourceat infinity, but let us equateall light sources
producingthe sameattachedshadow boundary, i.e.,
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��× { �K×A�;�M× Æ 
 � �Ø��Ù�× { �KÙ�×A�F�MÙ�× Æ 
 �jÚ Ù�ÁÜÛ Ýq�KÙid�Þ* .
With this, the spaceof light sourcedirections ß is
equivalent to the real projective plane ��Û Ý}Û à � 
 , with
the line at infinity given by coordinatesof the form��× { �K× � �K*y
 .

Let the triple TØ�Ä��á { �	á � ��á Æ 
 � denotea surface
normal. Again, themagnitudeandsignof thesurface
normalareunimportant,soweequate��á { �	á|�F��á Æ 
 � ���Ù�á { �KÙ�á|�F�KÙ�á Æ 
 � Ú Ù�ÁºÛ Ýq�KÙ�d�C* . Thus,thespaceof
surfacenormals â is, likewise, equivalent to Û Ý}Û à � .
Note that under the equation T � 6'�ã* , the surface
normalsarethe dual of the light sources.Eachpoint
in the Û ÝYÛ à � of light sourceshasa correspondingline
in the Û Ý}Û à � of surfacenormals,andviceversa.

Let usnow considertheimagecontoursdefinedby
the points �����	��
 satisfying T � 6$�Ö* , for some 6 .
Theseimagecontoursaretheattachedshadow bound-
ariesorthographicallyprojectedontotheimageplane.
For lack of a bettername,we will referto themasthe
imagedattachedshadow boundaries.

The setof imagedattachedshadow boundariesfor
aconvex objectformsanabstractprojectiveplaneÛ à � ,
wherea “point” in the abstractprojective planeis a
singleattachedshadow boundary, anda “line” in the
abstractprojectiveplaneis thecollectionof imagedat-
tachedshadow boundariespassingthrougha common
point in the imageplane. To seethis, note the obvi-
ousprojective isomorphismbetweenthe real projec-
tiveplaneof light sourcedirectionsß andtheabstract
projective plane of imagedattachedshadow bound-
aries Û à � . Under this is isomorphism,we have a bi-
jectionmappingpointsto pointsandlinesto lines.

Now let ussaythatwearegiventwo objectswhose
visible surfacesaredescribedby respective functions�������	��
 and ä�������	��
 . If the objectshave the same
setof imagedattachedshadow boundariesasseenin
the image plane (i.e., if the set of image contours
producedby orthographicallyprojectingthe attached
shadow boundariesis thesamefor bothobjects),then
thequestionarises:How arethetwo surfaces�������	��

and ä������	��
 related?

Proposition 4. If two convex surfaces����������
 andä�������	��
 with visible occludingcontours producethe
samesetof attachedshadowboundariesasseenin the
image planeunderorthographic projection, then the
surfacesare relatedby a generalizedbas-relief trans-
formation.

Û à �

ß � Û Ý}Û à � äß � Û Ý}Û à �

â � Û Ý}Û à � äâ � Û Ý}Û à �åæ
åæ

ç ç ç>èççç é êêê ë ê ê ê>ìí
î

í
îDual Dual

Collineation

Collineation

IsomorphismIsomorphism

Fig. 4. The relationshipof different spacesin proof of Proposi-
tion 4.

Proof: As illustratedin Figure4,wecanconstructa
projective isomorphismbetweenthesetof imagedat-
tachedshadow boundariesÛ à � andthereal projective
planeof light sourcedirectionsß illuminating surface����������
 . The isomorphismis chosento mapthe col-
lection of imagedattachedshadow boundariespass-
ing througha commonpoint �����	��
 in theimageplane
(i.e., a line in Û à � ) to the surfacenormal T������	��
 . In
the samemanner, we can constructa projective iso-
morphismbetweenÛ à � and the real projective plane
of light sourcedirections äß illuminating the surfaceä����������
¯2 Theisomorphismis, likewise,chosento map
thesamecollectionof imagedattachedshadow bound-
aries passingthrough ��������
 in the image plane to
the surfacenormal äT������	��
 . Under thesetwo map-
pings,we have a projective isomorphismbetweenß
and äß which in turn is a projective transformation
(collineation),see[1]. Becauseâ and äâ aretheduals
of ß and äß respectively, thesurfacenormalsof �������	��

arealso relatedto the surfacenormalsof ä�������	��
 by
a projective transformation,i.e., äT������	��
Q��ïqT���������

where ï is a xº¬cx matrix in the generalprojective
groupGP(3).

Thetransformationï is furtherrestrictedin thatthe
surfacenormalsalongtheoccludingcontourof � andä� areequivalent,i.e., the transformationï pointwise
fixestheline at infinity of surfacenormals.Thus, ï is
of the form givenby Eq. 2, andthe surfaces,in turn,
mustberelatedby ageneralizedbas-relieftransforma-
tion.
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Notes

1. It shouldbe notedthat the image location of a specularityis
not preserved underGBR, andso shadows arisingdueto indi-
rectilluminationof thesurfacefrom thevirtual light sourceof a
specularitywill notbepreservedunderGBR.
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