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Thus, when an object is viewed from a �xed viewpoint, there is a whole family of projec-tive transformations of the object's structure and the light sources which illuminate it suchthat the shadows remain the same in the images. It follows then, that when light sourcepositions are unknown { as is most often the case { one cannot determine the Euclideanstructure of an object from its shadows alone. Yet in all past work on reconstruction fromshadows, it is explicitly assumed that the direction or location of the light source is known.In early work, Waltz considered labelings of shadow edges in line drawing interpreta-tion [20]. Subsequently, Shafer showed how geometric constraints on surface orientationcould be obtained from labeled line drawings using shadow and surface outlines under ortho-graphic projection [18]. The Entry-Exit method was developed to segment and label shadowcurves using information about the projection onto the image plane of the light source direc-tion [9]. Kender and his colleagues have undertaken a series of studies pertaining to metricreconstruction of surfaces from the shadows in multiple images of an object in �xed posewhen the light source direction is known [10, 15, 22]. Shadows have also been used in theinterpretation of aerial images, particularly to locate and reconstruct buildings when the sundirection is known [6, 11, 12, 17].Here we consider shadows on unknown objects produced by light sources whose direc-tions are also unknown. In particular, in the next section we show that seen from a �xedviewpoint under perspective projection, two surfaces produce the same shadows if they dif-fer by a particular projective transformation { which we call the Generalized PerspectiveBas-Relief (GPBR) transformation. See Figure 1 for an example of this transformation.This result holds for any number of proximal or distant point light sources. Furthermore,under conditions where perspective can be approximated by orthographic projection, thistransformation is the Generalized Bas-Relief (GBR) transformation [3].As will be shown in Section 3, the GBR transformation is unique in that any two smoothobjects which produce the same shadows must di�er by a GBR. The implication of theseresults is that two objects di�ering by these transformations cannot be recognized solely fromtheir shadow lines. Furthermore, it is not possible to reconstruct the Euclidean structure ofan object from the shadow lines if the object is in �xed pose { at best, one can reconstructthe structure up to an equivalence class de�ned by these transformations.In Section 4, we propose an algorithm for reconstructing, from the attached shadowboundaries, the structure of an object up to a GBR transformation. The algorithm assumesthat the object is viewed orthograhically and that it is illuminated by a set of point lightsources at in�nity. We do not propose this algorithm with the belief that its present formhas great applicability, but rather we give it to demonstrate that under ideal conditionsinformation from shadows alone is enough to determine the structure of the object up to aGBR transformation.2 Shadowing AmbiguityLet us de�ne two objects as being shadow equivalent if there exists two sets of point lightsources S and S 0 such that for every light source in S illuminating one object, there existsa light source in S 0 illuminating the second object, such that the shadowing in both imagesis identical. Let us further de�ne two objects as being strongly shadow equivalent if for anylight source illuminating one object, there exists a source illuminating the second object suchthat shadowing is identical { i.e., S is the set of all point light sources. In this section we willshow that two objects are shadow equivalent if they di�er by a particular set of projective2



Original Object Transformed Object

Figure 1: An illustration of the e�ect of applying a generalized perspective bas-relief (GPBR)transformation to a scene composed of a teapot resting on a supporting plane. The leftcolumn shows images of the original scene from two viewpoints. The scene in the rightcolumn has undergone a GPBR transformation (a1; a2; a3; a4) = (:05; :05; :05; 1) with respectto the viewpoint used to generate the upper-left image. Note that the attached and castshadows as well as the occluding contour are identical in the images in the top row. The e�ectof the transformation is revealed in the lower-right image generated from another viewpoint.transformations.Consider a camera-centered coordinate system whose origin is at the focal point, whosex and y axes span the image plane, and whose z-axis points in the direction of the opticalaxis. Let a smooth surface f be de�ned with respect to this coordinate system and lie inthe halfspace z > 0. Since the surface is smooth, the surface normal n(p) is de�ned at allpoints p 2 f .We model illumination as a collection of point light sources, located nearby or at in�nity.Note that this is a restriction of the lighting model presented by Langer and Zucker [16]3



which permits anisotropic light sources whose intensity is a function of direction. In thispaper, we will represent surfaces, light sources, and the camera center as lying in either a twoor three dimensional real projective space (IRIP2 or IRIP3). This allows a uni�ed treatmentof both point light sources that are nearby (proximal) or distant (at in�nity) and cameramodels that use perspective or orthographic projection.When a point light source is proximal, its coordinates can be expressed as s = (sx; sy; sz).In projective (homogeneous) coordinates, the light source s 2 IRIP3 can be expressed ass = (sx; sy; sz; 1). When a point light source is at in�nity, all light rays are parallel, and soone is concerned with the direction of the light source. The direction can be represented asa unit vector in IR3 or as point on an illumination sphere s 2 S2. In projective coordinates,the fourth homogeneous coordinate of a point at in�nity is zero, and so the light source canbe expressed as s = (sx; sy; sz; 0). (Note that when the light source at in�nity is representedin projective coordinates, the antipodal points from S2 must be equated.)For a single point source s 2 IRIP3, let us de�ne the set of light rays as the lines in IRIP3passing through s. For any p 2 IRIP3 with p 6= s, there is a single light ray passing throughp. Naturally it is the intersection of the light rays with the surface f which determine theshadows. We di�erentiate between two types of shadows: attached shadows and cast shad-ows [2, 19]. See Figures 2 and 3. A surface point p lies on the border of an attached shadowfor light source s if and only if it satis�es both a local and global condition:Local Attached Shadow Condition: The light ray through p lies in the tangentplane to the surface at p. Algebraically, this condition can be expressed as n(p) �(p � s) = 0 for a nearby light source and as n(p) � s = 0 for a distant light source.A point p which satis�es at least the local condition is called a local attached shadowboundary point.Global Attached Shadow Condition: The light ray does not intersect the surfacebetween p and s, i.e., the light source is not occluded at p.Now consider applying an arbitrary projective transformation a : IRIP3 ! IRIP3 to boththe surface and the light source. Under this transformation, let p0 = a(p) and s0 = a(s).Lemma 2.1 A point p on a smooth surface is a local attached shadow boundary point forpoint light source s i� p0 on a transformed surface is a local attached shadow boundary pointfor point light source s0.Proof. At a local attached shadow boundary point p, the line de�ned by p 2 IRIP3 and lightsource s 2 IRIP3 lies in the tangent plane at p. Since the order of contact (e.g., tangency)of a curve and surface is preserved under projective transformations, the line de�ned by p0and s0 lies in the tangent plane at p0.Cast shadows occur at points on the surface that face the light source, but where someother portion of the surface lies between the shadowed points and the light source. A pointp lies on the boundary of a cast shadow for light source s if and only if it similarly satis�esboth a local and global condition:
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Local Cast Shadow Condition: The light ray through p grazes the surface atsome other point q (i.e., q lies on an attached shadow). A point p which satis�es atleast the local condition is called a local cast shadow boundary point.Global Attached Shadow Condition: The only intersection of the surface andthe light ray between p and s is at q.Lemma 2.2 A point p on a smooth surface is a local cast shadow boundary point for pointlight source s i� p0 on a transformed surface is a local cast shadow boundary point for pointlight source s0.Proof. For a local cast shadow boundary point p 2 IRIP3 and light source s 2 IRIP3, thereexists another point q 2 IRIP3 on the line de�ned by p and s such that q lies on an attachedshadow. Since collinearity is preserved under projective transformations, p0;q0 and s0 arecollinear. From Lemma 2.1, q0 is also an attached shadow point.Taken together, Lemmas 2.1 and 2.2 indicate that under a projective transformation ofa surface and light source, the set of local shadow curves is a projective transformation ofthe local shadow curves of the original surface and light source. However, these two lemmasdo not imply that the two surfaces are shadow equivalent since the transformed points mayproject to di�erent image points, or the global conditions may not hold.2.1 Perspective Projection: GPBRWe will further restrict the set of projective transformations. Modeling the camera as afunction � : IRIP3 ! IRIP2, we require that for any point p on the surface �(p) = �(a(p))where a is a projective transformation { that is p and a(p) must project to the same imagepoint. We will consider two speci�c camera models in turn: perspective projection �p andorthographic projection �o.Without loss of generality, consider a pinhole perspective camera with unit focal lengthlocated at the origin of the coordinate system and with the optical axis pointed in thedirection of the z-axis. Letting the homogeneous coordinates of an image point be given byu 2 IRIP2, then pinhole perspective projection of p 2 IRIP3 is given by u = �pp where�p = 24 1 0 0 00 1 0 00 0 1 0 35 : (1)For �p(p) = �p(a(p)) to be true for any point p, the transformation must move p alongthe optical ray between the camera center and p. This can be accomplished by the projectivetransformation a : p 7! Ap whereA = 2664 1 0 0 00 1 0 00 0 1 0a1 a2 a3 a4 3775 : (2)
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Figure 2: In this 2-d illustration of the generalized perspective bas-relief transformation(GPBR), the lower shadow is an attached shadow while the upper one is composed of bothattached and cast components. A GPBR transformation has been applied to the left surface,yielding the right one. Note that under GPBR, all surface points and the light source aretransformed along the optical rays through the center of projection. By transforming thelight source from s to s0, the shadows are preserved.We call this transformation the Generalized Perspective Bas-Relief (GPBR) transforma-tion. In Euclidean coordinates, the transformed surface and light source are given byp0 = 1a � p + a4p s0 = 1a � s+ a4 s (3)where a = (a1; a2; a3)T . Figure 2 shows a 2-d example of GPBR being applied to a planarcurve and a single light source. The e�ect is to move points on the surface and the lightsources along lines through the camera center in a manner that preserves shadows. The signof a � p + a4 plays a critical role: if it is positive, all points on f move inward or outwardfrom the camera center, remaining in the halfspace z > 0. On the other hand, if the sign isnegative for some points on f , these points will move through the camera center to pointswith z < 0, i.e., they will not be visible to the camera. The equation a � p + a4 = 0 de�nesa plane which divides IR3 into these two cases; all points on this plane map to the plane atin�nity. A similar e�ect on the transformed light source location is determined by the signof a � s+ a4.Proposition 2.1 The image of the shadow curves for a surface f and light source s isidentical to the image of the shadow curves for a surface f 0 and light source s0 transformedby a GPBR if a � s+ a4 > 0 and a � p + a4 > 0 for all p 2 f .Proof. Since GPBR is a projective transformation, Lemmas 2.1 and 2.2 show that the localattached and cast shadow curves on the transformed surface f 0 from light source s0 are aGPBR of the local shadow curves on f from light source s. For any point p on the surfaceand any GPBR transformation A, we have �pp = �pAp, and so the images of the localshadow curves are identicalTo show that the global condition for an attached shadow is also satis�ed, we note thatprojective transformations preserve collinearity; therefore, the only intersections of the linede�ned by s0 and p0 with f 0 are transformations of the intersections of the line de�ned by6



s and p with f . Within each light ray (a projective line), the points are subjected to aprojective transformation; in general, the order of the transformed intersection points on theline may be a combination of a cyclic permutation and a reversal of the order of the originalpoints. However, the restriction that a � p+ a4 > 0 for all p 2 f and that a � s+ a4 > 0 hasthe e�ect of preserving the order of points between p and s on the original line and betweenp0 and s0 on the transformed line.It should be noted for that for any a and a4, there exists a light source s such thata � s + a4 < 0. When f is illuminated by such a source, the transformed source passesthrough the camera center, and the global shadowing conditions may not be satis�ed. Hencetwo objects di�ering by GPBR are not strongly shadow equivalent. On the other hand, forany bounded set of light sources and bounded object f , there exists a set of a1; : : : ; a4 suchthat a � s + a4 > 0 and a � p + a4 > 0. Hence, there exist a set of objects which are shadowequivalent.Since the shadow curves of multiple light sources are the union of the shadow curves fromthe individual light sources, this also holds for multiple light sources. It should also be notedthat the occluding contour (silhouette) of f and f 0 are identical, since the camera center isa �xed point under GPBR and the occluding contour is the same as the attached shadowcurve produced by a light source located at the camera center.Figure 1 shows an example of the GPBR transformation being applied to a scene con-taining a teapot resting on a support plane. The images were generated using the VORTray tracing package { the scene contained a single proximal point light source, the surfaceswere modeled as Lambertian, and a perspective camera model was used. When the lightsource is transformed with the surface, the shadows are the same for both the original andtransformed scenes. Even the shading is similar in both images, so much so that it is nearlyimpossible to distinguish the two surfaces. However, from another viewpoint, the e�ect ofthe GPBR on the object's shape is apparent.2.2 Orthographic Projection: GBRWhen a camera is distant and can be modeled as orthographic projection, the visual rays areall parallel to the direction of the optical axis. In IRIP3, these rays intersect at the cameracenter which is a point at in�nity. Without loss of generality consider the viewing directionto be in the direction of the z-axis and the x and y axes to span the image plane. Again,letting the homogeneous coordinates of an image point be given by u 2 IRIP2, orthographicprojection of p 2 IRIP3 can be expressed as u = �op where�o = 24 1 0 0 00 1 0 00 0 0 1 35 : (4)Now, let us consider another set of projective transformations g : IRIP3 ! IRIP3. For�o(p) = �o(g(p)) to be true for any point p, the transformation g must move p along theviewing direction. This can be accomplished by the projective transformation g : p 7! Gpwhere G = 2664 1 0 0 00 1 0 0g1 g2 g3 g40 0 0 1 3775 (5)7
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Figure 3: The image points that lie in shadow for a surface under light source s are identicalto those in shadow for a transformed surface under light source s0. In this 2-d illustration,the lower shadow is an attached shadow while the upper one is composed of both attachedand cast components. A generalized bas-relief transformation with both 
attening and anadditive plane has been applied to the left surface, yielding the right one.with g3 > 0. The mapping g is an a�ne transformation which was introduced in [3] andwas called the generalized bas-relief (GBR) transformation. Consider the e�ect of applyingGBR to a surface parameterized as the graph of a depth function, (x; y; f(x; y)). This yieldsa transformed surface 24 x0y0z0 35 = 24 xyg1x+ g2y + g3f(x; y) + g4 35 :See Figure 3 for an example. The parameter g3 has the e�ect of scaling the relief of thesurface, g1 and g2 characterize an additive plane, and g4 provides a depth o�set. RecallLeonardo's statement from the introductory paragraph. As described in [3], when g1 = g2 = 0and 0 < g3 < 1, the resulting transformation is simply a compression of the surface's relief,as in relief sculpture.Proposition 2.2 The image of the shadow curves for a surface f and light source s areidentical to the image of the shadow curves for a surface f 0 and light source s0 transformedby any GBR.Proof. The proof follows that of Proposition 2.1.It should be noted that Proposition 2.2 applies to both nearby light sources and thoseat in�nity. However, in contrast to the GPBR transformation, nearby light source do notmove to in�nity nor do light sources at in�nity become nearby light sources since GBR is ana�ne transformation which �xes the plane at in�nity. Since Proposition 2.2 holds for anylight source, all objects di�ering by a GBR transformation are strongly shadow equivalent.8



An implication of Propositions 2.1 and 2.2 is that when an object is observed from a �xedviewpoint (whether perspective or orthographic projection), one can at best reconstruct itssurface up to a four parameter family of transformations (GPBR or GBR) from shadow oroccluding contour information, irrespective of the number of images and number of lightsources. Under the same conditions, it is impossible to distinguish (recognize) two objectsthat di�er by these transformations from shadows or silhouettes.3 Uniqueness of the Generalized Bas-Relief Transfor-mationHere we prove that under orthographic projection the generalized bas-relief (GBR) trans-formation is unique in that there is no other transformation of an object's surface whichpreserves the set of shadows produced by illuminating the object with all possible pointsources at in�nity. We consider only the simplest case { an object with convex shape castingno shadows on its own surface { and show that the set of attached shadow boundaries arepreserved only under a GBR transformation of the object's surface.Recall that an attached shadow boundary is de�ned as the contour of points (x; y; f(x; y))satisfying n � s = 0, for some s. For a convex object, the global attached shadow conditionholds everywhere. Here the magnitude and the sign of the light source are unimportant asneither e�ects the location of the attached shadow boundary. Thus, let the vector s =(sx; sy; sz)T denote in homogeneous coordinates a point light source at in�nity, where alllight sources producing the same attached shadow boundary are equated, i.e., (sx; sy; sz)T �(ksx; ksy; ksz)T 8k 2 IR; k 6= 0. With this, the space of light source directions S is equivalentto the real projective plane (IRIP2), with the line at in�nity given by coordinates of the form(sx; sy; 0). Note that in the previous section, we represented light sources as points in IRIP3;here, we restrict our self only to distant light sources which lie at the plane at in�nity ofIRIP3 and has the structure of a real projective plane.Let n = (nx; ny; nz)T denote the direction of a surface normal. Again, the magnitudeand sign are unimportant, so we equate (nx; ny; nz)T � (knx; kny; knz)T 8k 2 IR; k 6= 0.Thus, the space of surface normals N is, likewise, equivalent to IRIP2. Note that under theequation n � s = 0, the surface normals are the dual of the light sources. Each point in theIRIP2 of light sources has a corresponding line in the IRIP2 of surface normals, and vice versa.Let us now consider the image contours de�ned by the points (x; y) satisfying n � s = 0,for some s. These image contours are the attached shadow boundaries orthographicallyprojected onto the image plane. For lack of a better name, we will refer to them as theimaged attached shadow boundaries.The set of imaged attached shadow boundaries for a convex object forms an abstractprojective plane IP2, where a \point" in the abstract projective plane is a single attachedshadow boundary, and a \line" in the abstract projective plane is the collection of imagedattached shadow boundaries passing through a common point in the image plane. To see this,note the obvious projective isomorphism between the real projective plane of light sourcedirections S and the abstract projective plane of imaged attached shadow boundaries IP2.Under this is isomorphism, we have bijections mapping points to points and lines to lines.Now let us say that we are given two objects whose visible surfaces are described byrespective functions f(x; y) and f 0(x; y). If the objects have the same set of imaged at-tached shadow boundaries as seen in the image plane (i.e., if the objects are strongly shadowequivalent), then the question arises: How are the two surfaces f(x; y) and f 0(x; y) related?9
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Figure 4: The relation of di�erent spaces in proof of Proposition 3.1.Proposition 3.1 If the visible surfaces of two convex objects f and f 0 are strongly shadowequivalent, then the surfaces are related by a generalized bas-relief transformation.Proof. As illustrated in Figure 4, we can construct a projective isomorphism between theset of imaged attached shadow boundaries IP2 and the real projective plane of light sourcedirections S illuminating surface f(x; y). The isomorphism is chosen to map the collectionof imaged attached shadow boundaries passing through a common point (x; y) in the imageplane (i.e., a line in IP2) to the surface normal n(x; y). In the same manner, we can constructa projective isomorphism between IP2 and the real projective plane of light source directionsS 0 illuminating the surface f 0(x; y): The isomorphism is, likewise, chosen to map the samecollection of imaged attached shadow boundaries passing through (x; y) in the image planeto the surface normal n0(x; y). Under these two mappings, we have a projective isomorphismbetween S and S 0 which in turn is a projective transformation (collineation) [1]. Because Nand N 0 are the duals of S and S 0 respectively, the surface normals of f(x; y) are also relatedto the surface normals of f 0(x; y) by a projective transformation, i.e., n0(x; y) = Pn(x; y)where P is a 3� 3 invertible matrix.The transformation P is further restricted in that the surface normals along the occludingcontour of f and f 0 are equivalent, i.e., the transformation P pointwise �xes the line at in�nityof surface normals. Thus, P must be of the formP = 24 1 0 p10 1 p20 0 p3 35where p3 6= 0. The e�ect of applying P to the surface normals is the same as applying G inEq. 5 to the surface if p1 = �g1=g3, p2 = �g2=g3 and p3 = 1=g3. That is P is of the formof the generalized bas-relief transformation. Note that the shadows are independent of thetranslation g4 along the line of sight under orthographic projection.10



4 Reconstruction from Attached ShadowsIn the previous section, we showed that under orthographic projection with distant lightsources, the only transformation of a surface which preserves the set of imaged shadowcontours is the generalized bas-relief transformation. However, Proposition 3.1 does notprovide a prescription for actually reconstructing a surface up to GBR. In this section, weconsider the problem of reconstruction from the attached shadow boundaries measured in nimages of a surface, each illuminated by a single distant light source. We will show that it ispossible to estimate the n light source directions and the surface normals at a �nite numberof points, all up to GBR. In general, we expect to reconstruct the surface normals at O(n2)points. From the reconstructed normals, an approximation to the underlying surface can becomputed for a �xed GBR. Alternatively, existing shape-from-shadow methods can be usedto reconstruct the surface from the estimated light source directions (for a �xed GBR) andfrom the measured attached and cast shadow curves [10, 15, 22].First, consider the occluding contour (silhouette) of a surface which will be denoted C0.This contour is equivalent to the attached shadow produced by a light source whose directionis the viewing direction. De�ne a coordinate system with the x and y axes spanning theimage plane, and the z-axis in direction of viewing. Let ẑ be a unit vector aligned with thez-axis. For all points p on the occluding contour, the viewing direction lies in the tangentplane (i.e., n(p) � ẑ = 0), and the surface normal n(p) is parallel to the image normal. Henceif the normal to the image contour is (nx; ny), the surface normal is n = (nx; ny; 0)T . InIRIP2, the surface normals to all points on the occluding contour correspond to the line atin�nity.Now consider the attached shadow boundary C1 produced by a light source whose direc-tion is s1. See Figure 5.a. For all points p 2 C1, s1 lies in the tangent plane, i.e., s1 �n(p) = 0.Where C1 intersects the occluding contour, the normal n1 can be directly determined fromthe measured contour as described above. It should be noted that while C1 and the occlud-ing contour intersect transversally on the surface, their images generically share a commontangent and form the crescent moon image singularity [8]. Note that by measuring n1 alongthe occluding contour, we obtain a constraint on the light source direction, s1 �n1 = 0. Thisrestricts the light source to a line in IRIP2 or to a great circle on the illumination sphere S2.The source s1 can be expressed parametrically in the camera coordinate system ass1(�1) = cos �1n1 + sin �1ẑ:From the shadows in a single image, it is not possible to further constrain s1 nor does itseem possible to obtain any further information about points on C1.Now, consider a second attached shadow boundary C2 formed by a second light sourcedirection s2. Again, the measurement of n2 where C2 intersects C0 determines a projectiveline in IRIP2 (or a great circle on S2) that the light source s2 must lie on. In general, C1 andC2 will intersect at one or more visible surface points. If the object is convex and the Gaussmap is bijective, then they only intersect at one point p1;2. For a nonconvex surface, C1 andC2 may intersect more than once. However in all cases, the direction of the surface normaln1;2 at the intersections is n1;2 = s1(�1)� s2(�2): (6)Thus from the attached shadows in two images, we directly measure n1 and n2 and obtainestimates for n1;2, s1, and s2 as functions of �1 and �2.Consider a third image illuminated by s3, in which the attached shadow boundary C3 doesnot intersect C1 or C2 at p1;2 as shown in Figure 5.a. Again, we can estimate a projective11
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Figure 5: Reconstruction up to GBR from attached shadows: For a single object in �xed pose,these �gures show superimposed attached shadow contours Ci for light source direction si.The surface normal where Ci intersects the occluding contour is denoted by ni. The normalat the intersection of Ci and Cj is denoted by ni;j. a) The three contours intersect at threepoints in the image. b) The three contours meet at a common point implying that s1; s2and s3 lie on a great circle of the illumination sphere. c) Eight attached shadow boundariesof which four intersect at p1;2 and four intersect at p1;3; the direction of the light sourcess1 : : : s8 and the surface normals at the intersection points can be determined up to GBR.d) The structure of the illumination sphere S2 for the light source directions generating theattached shadow boundaries in Fig. 5.c.line (great circle on S2) that s3 must lie on. From C3, we can obtain the normal to thesurface at two additional points, the intersections of C3 with C1 and C2. From the attachedshadow boundaries of a convex surface measured in n images { if no three contours intersectat a common point { the surface normal can be determined at n(n� 1) points as a functionof n unknowns �i; i = 1 : : : n.However, the number of unknowns can be further reduced. Consider the case where acontour C4 does intersect C1 and C2 at p1;2 as shown in Figure 5.b. In this case, we caninfer from the images that s1; s2 and s4 all lie in the tangent plane to p1;2. In IRIP2, thismeans that s1; s2; s4 all lie on the same projective line. Since n4 can be measured, we candetermine the direction of s4 as a function of �1 and �2, i.e.,12



s4(�1; �2) = n4 � (s1(�1)� s2(�2)):Thus, a set of attached shadow curves (C1; C2; C4 in Fig. 5.b) passing through a commonpoint (p1;2) is generated by light sources (s1; s2; s4 in Fig. 5.d) located on a great circle ofS2. The light source directions can be determined up to two degrees of freedom �1 and �2.Now, if in addition a second set of light sources lies along another projective line (the greatcircle in Fig 5.d containing s1; s3; s6; s7), the corresponding shadow contours (C1; C3; C6; C7in Fig 5.c) intersect at another point on the surface (p1;3). Again, we can express the locationof light sources on this great circle (s6; s7) as functions of the locations of two other sources(s1 and s3): si(�1; �3) = ni � (s1(�1)� s3(�3)):Since s1 lies at the intersection of both projective lines, we can estimate the directionof any light source located on either line up to just three degrees of freedom �1; �2, and �3.Furthermore, the direction of any other light source (s8 on Fig. 5.d) can be determined if itlies on a projective line de�ned by two light sources whose directions are known up to �1; �2and �3. From the estimated light source directions, the surface normal can be determinedusing Eq. 6 at all points where the shadow curves intersect. As mentioned earlier, thereare O(n2) such points { observe the number of intersections in Fig. 5.c. It is easy to verifyalgebraically that the three degrees of freedom �1; �2 and �3 correspond to the degrees offreedom in GBR g1; g2 and g3. Still, the translation g4 of the surface along the line sightcannot be determined under orthographic projection.5 DiscussionWe have de�ned notions of shadow equivalence for object, showing that two objects di�eringby a four parameter family of projective transformations (GPBR) are shadow equivalentunder perspective projection. Furthermore, under orthographic projection, two objects dif-fering by a generalized bas-relief (GBR) transformation are strongly shadow equivalent {i.e., for any light source illuminating an object, there exits a light source illuminating atransformed object such that the shadows are identical. We have proven that GBR is theonly transformation having this property. While we have shown that the occluding contouris also preserved under GPBR and GBR, it should be noted that image intensity discontinu-ities (step edges) arising from surface normal discontinuities or albedo discontinuities are alsopreserved under these transformations since these points move along the line of sight and areviewpoint and (generically) illumination independent. Consequently, edge-based recognitionalgorithms should not be able to distinguish objects di�ering by these transformations, norshould edge-based reconstruction algorithms be able to perform Euclidean reconstructionwithout additional information.In earlier work where we concentrated on light sources at in�nity [4, 3], we showedthat for any set of point light sources, the shading as well as the shadowing on an objectwith Lambertian re
ectance are identical to the shading and shadowing on any generalizedbas-relief transformation of the object, i.e., the illumination cones are identical. This isconsistent with the e�ectiveness of well-crafted relief sculptures in conveying a greater senseof the depth than is present. It is clear that shading is not preserved for GPBR or for GBR13



when the light sources are proximal; the image intensity falls o� by the reciprocal of thesquared distance between the surface and light source, and distance is not preserved underthese transformations. Nonetheless, for a range of transformations and for some sets of lightsources, it is expected that the intensity may only vary slightly.Furthermore, we have shown that it is possible to reconstruct a surface up to GBR fromthe shadow boundaries in a set of images. To implement a reconstruction algorithm basedon the ideas in Section 4 requires detection of cast and attached shadow boundaries. Whiledetection methods have been presented [5, 21], it is unclear how e�ective these techniqueswould be in practice. In particular, attached shadows are particularly di�cult to detect andlocalize since for a Lambertian surface with constant albedo, there is a discontinuity in theintensity gradient or shading 
ow �eld, but not in the intensity itself. On the other hand,there is a step edge at a cast shadow boundary, and so extensions of the method described inSection 4 which use information about cast shadows to constrain the light source directionmay lead to practical implementations.Leonardo da Vinci's statement that shadows of relief sculpture are \foreshortened" is,strictly speaking, incorrect. However, reliefs are often constructed in a manner such that thecast shadows will di�er from those produced by sculpture in the round. Reliefs have beenused to depict narratives involving numerous �gures located at di�erent depths within thescene. Since the sculpting medium is usually not thick enough for the artist to sculpt the�gures to the proper relative depths, sculptors like Donatello and Ghiberti employed rules ofperspective to determine the size and location of �gures, sculpting each �gure to the properrelief [14]. While the shadowing for each �gure is self consistent, the shadows cast fromone �gure onto another are incorrect. Furthermore, the shadows cast onto the background,whose orientation usually does not correspond to that of a wall or 
oor in the scene, are alsoinconsistent. Note however, that ancient Greek sculpture was often painted; by painting thebackground of the Parthenon Frieze a dark blue [7], cast shadows would be less visible andthe distortions less apparent. Thus, Leonardo's statement is an accurate characterization ofcomplex reliefs such as Ghiberti's East Doors on the Baptistery in Florence, but does notapply to �gures sculpted singly.AcknowledgmentsMany thanks to David Mumford for leading us to the proof of Proposition 3.1, and to AlanYuille for many discussions about the GBR.References[1] E. Artin. Geometric Algebra. Interscience Publishers, Inc., New York, 1957.[2] M. Baxandall. Shadows and Enlightenment. Yale University Press, New Haven, 1995.[3] P. Belhumeur, D. Kriegman, and A. Yuille. The bas-relief ambiguity. In Proc. IEEE Conf. onComp. Vision and Patt. Recog., pages 1040{1046, 1997.[4] P. N. Belhumeur and D. J. Kriegman. What is the set of images of an object under all possiblelighting conditions. In Proc. IEEE Conf. on Comp. Vision and Patt. Recog., pages 270{277,1996.[5] P. Breton and S. Zucker. Shadows and shading 
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